Classical Mechanics
Electrodynamics & Relativity

Dr. J. J. Binney
Michaelmas Term 1993



1 Relativity & Electromagnetism

Observers who move relative to one another do not always agree about the values of quantities,
such as speed, mass, energy etc, associated with the same physical system. The special theory
of relativity tells us how we may predict the values measured by any observer once we know
the values assigned by one particular observer, for example ourselves.

Special relativity teaches us to think of experience as being made up of ‘events’, each
with a definite location in the four-dimensional continuum of spacetime. Any given observer
assigns to each event a unique 4-tuple of numbers (¢, z,y, z). Of course he can do this in many,
many ways. But special relativity claims that there are certain specially favoured systems for
assigning coordinates to events, the so-called inertial coordinate systems. O chooses one inertial
system and another observer, O, sets up a different one. But according to special relativity the
coordinates (t',2’,y’, z') O’ assigns to any event can be related to O’s coordinates (¢, x,y, z) of
the same event by

ct’ cto ct

/
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where c is the speed of light and (%o, 2o, Y0, 20) is a set of numbers characteristic of the two
observers, as is the 4 x 4 matrix L.

Clearly, (to,xo,Yo0,20) are the coordinates O’ assigns to the event that marks the origin of
O’s coordinates. For simplicity we shall assume that (tg,xo, Yo, 20) = 0. In general L can be
represented as the product of matrices generating a rotation, a boost parallel to a coordinate
direction and a second rotation: L = R’ - Lg - R, where R rotates the coordinate axes so as to
align the boost direction with a coordinate direction, L effects the boost along the given axis
and R’ rotates the coordinates to any desired final orientation. If R is chosen such that the
r-axis becomes the boost direction, Lo has the form

vy =By 00 By
(- v 00 = v/
Lo = 0 0 1 0 where =1 (1.2)
0 0 0 1

For simplicity we confine ourselves to observers whose spatial coordinate systems are
aligned, and whose relative motion lies along their (mutually parallel) z-axes. Then in (1.1)
L = Ly and we get the familiar equations of a Lorentz transformation:

/

t' =t — 7v:n/c2

/
T = yx — yut
T (13)
y =y
2=z
4-vectors Lorentz transformations mix up space and time, so it is useful to define new
coordinates which all have dimensions of length. We write 2° = ¢t, 2! =z, 22 =y, 2% = 2, and

refer to a general component of the 4-vector (z°, z!, 22 23) as 2#. (The reason for labelling

the components with superscripts rather than subscripts will emerge shortly.) Then we write

a Lorentz transformation as
= AP v, (1.4a)

where

(1.4b)

o= O O
= o O O
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In (1.4a) the Einstein summation convention is being used in that the summation sign
Z}/:O has been omitted for brevity. You know it’s really there because v appears twice on the
right-hand side of the equation, once up and once down.

Why do we write the row index of A as a superscript and the column index as a subscript?

A key property of a Lorentz transformation is that —(ct’)? + 2/? + y/? + 22 = —(ct)? +
22 +1y% + 22, This is analogous to the fact that if two vectors a and a’ are related by a rotation
matrix, then a/2 + a;f +a? = a} +al + a2. So a Lorentz transformation is a sort of modified,
four-dimensional rotation. When we rotate a vector a we like to say that the length |a| is
invariant (i.e., stays constant). Analogously we define the length of the 4-vector x to be

x| = —(2°)% + ()% + (2?)? + (23)% (1.5)

Notes:
(i) We don’t extract a square root because we have no guarantee that |x| > 0.

(ii) 4-vectors that have negative lengths are called time-like, while those with positive lengths
are space-like. Vectors with zero length are said to be null.

(iii) Every book on relativity uses a different convention. The sign of the lengths of space-like
vectors is called the “signature of the metric”.

The lengths of 4-vectors are sufficiently important for it to be useful to have a way of
writing them that does not involve writing out all the components explicitly. To achieve this
we introduce this matrix, called the Minkowski metric:

-1 0 0 O
_ 0 1 0 O
=10 010 (16)
0 0 0 1
Then we have
x| =x-n-x, (1.7a)
or in component form
x| = zFnu,”. (1.7b)

The Einstein convention is here being used to drop two summation signs. We write both of n’s
indices as subscripts so that each sum is over one up and one down index.

Covariant and contravariant vectors We write the result of matrix multiplication of
x by n as
x, =N’

0 _

We have g = —20 = —ct, 2 = 2!

, To = 22 and z3 = 22. Thus the length of x is
ahx, = =P+ 2® +y? + 22

Notice that here as everywhere else, we are summing over one up and one down index. In order
to stick rigidly to this rule, we define

-1 0 0 O

0 1 0 0
IJ’V = =

0 0 0 1

Note:

We have n#*7n.,,, = 0!, or in matrix form n-n = I, where I and ! are two ways of writing
the 4 x 4 identity matrix. Also n*” = n#74dY, so in a sense 7 is merely the up-up and
down-down forms of the identity matrix.
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From x,, we can recover z*;
=", (1.9)

x, is a 4-vector, but of a slightly different type than z*, because under a Lorentz trans-
formation we have

33'; = 77/1,1/:17,” = ny,VAanﬂ = anAVHT/RA:E)\
-1 0 0 O v =By 0 0 -1 0 0 O Z
10 1.0 0 By v 00 0 1 0 O T1
10 010 0 0 10 0 0 1 0 To
0 0 0 1 0 0 0 1 0 0 0 1/ \us (1.10)
vy By 00 T
_[ By v 00 T | o
1o 0 1 0f|m]|FMm
0 0 0 1 T3
where we have defined a new matrix
A =AY ot (1.11)
Notice that the transpose of A,” is the inverse of A#,:
AN =0y, (1.12)

where we have again written the 4 x 4 identity matrix as ¢},.

Exercise (1):

Obtain (1.12) from the requirement that for any two vectors x, y, we have z y"* = z,y".

Vectors with their indices below are called covariant (z,). Vectors with indices above are
called contravariant (z*). I shall call them down and up vectors. The operation of setting
two indices equal and summing from 0 to 3 is called contraction. In a contraction one index
must be up and one down. Quantities like > u TuTp have nothing to do with physics. An
important motivation for writing x* rather than x is to distinguish the up from the down
form of x. Often an expression is equally valid for up or down vectors provided the basic
rules are obeyed, and then it is neater to use conventional vector notation than to stick in
indices. For example, if a and b are vectors and M is a matrix, we can interpret a = M - b
as a* = M"b,, as a, = M,,b", or in yet other ways. But if you ever express a 4-vector
in component form, you must come clean and say whether you’re giving the up or the down
vector, as in o = (ct, z,y, 2).

According to special relativity, all quantities of physical interest can be grouped into n-
tuples.

1.1 1-tuples (4-scalars)

On some things all observers agree, for example the charge and total spin of the an electron.
These quantities are called 4-scalars or relativistic invariants. The length of a 4-vector is a
4-scalar.

1.2 4-tuples (4-vectors)

If O measures the wave-vector and frequency of a photon to be k and w, then an observer O’
who moves at speed v along O’s z-axis measures wave-vector k' and frequency w’ given by

w'/e v =By 0 0 w/c
k., | _ -6y ~ 00 ko
KolTlL o o 1ok (1.13a))
K 0o o0 0 1/ \k
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The matrix form of this equation is

Y =By 00

w'je\ w/c _ -8y v 00
< & >—A-< & ) where A = 0 0 1 0 (1.13b))

0 0 0 1

Notes:

(i) The Lorentz transformation matrix A is dimensionless, so w has to be divided by ¢ to give
the same dimensions as k before being put into the last place of a 4-vector with k.

(ii) Vectors written in italic boldface (k) are 3-vectors, while those written in Roman boldface
(k) are 4-vectors.

If we define k° = w/c, then

K =A-k ie, K*=A"Fk". (1.14)

Exercise (2):
Determine whether the photon is blue or red shifted between its emission by O and its

detection by O’. Relate this to the question of whether O’ is approaching or receding from
0.

The length of a photon’s 4-vector is the scalar

2
K = — ()% + (K1) + (8 + (8)* = =25 + [k = 0.

One can prove that this really is a scalar by brute force:

‘k" — _(k/O)Q 4 (kll)Q 4 (k/2)2 4 (k/3)2
w 2 w 2
= —<’Y; - B’W) + (— Ay~ +’y/<:1> + (K?)? + (k)

:—’y2<1—52>i—§+’y2(1—ﬂ2)(kzl)2+(/<:2)2+(/<:3)2
:—(k0)2+(k1)2—|—(k‘2)2+(k’3)2.

Another familiar 4-tuple: if observer O measures energy F and momentum p for some
particle, then O’ will measure E’ and p’ given by

(EI;{C> =A- <Egc>, (1.15)

or setting p® = E/c, we have p’* = A", p.

The length of the momentum-energy 4-vector of a particle of rest mass mg # 0 is just
—c? times the square of its rest mass mg. We show this by arguing that it doesn’t matter
in whose frame we evaluate a scalar. We choose the particle’s rest frame. Then p = 0 and

E = cp° = myc?, so

")+ (") + (0°)° + (0°)* = —mpc®.
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1.3 6-tuples (antisymmetric 2"¢ rank tensors)

If the electric and magnetic fields measured by O are arranged into the antisymmetric matrix
F,

0 E,/c E,/c E./c
—FE,./c 0 B. -B,

=1 e —B. 0 B, (SI units), (1.16)
~E.Je B, -B, 0
then O’ will measure E’ and B’ as
0 E'y/c E'y/c E'.Jc
“Bafe 00 B By pw _pe g e (1.17)

-E'yJc -B. 0 B,
~-E./c B, -B, 0

Note that F*" transforms as if it were the product p#p” of two down-vectors (which it isn’t).
Objects that transform in this way are called second-rank tensors.

F is called the Maxwell field tensor.

Exercise (3):
Transform F** with the matrix A#, defined by (1.13b) to show that an observer who moves
at speed v down the z-axis of an observer who sees fields E = (E,,E,,0) and B = 0,
perceives fields E' = (E,,vFE,,0) and B’ = (0,0,yvE, /c). [Hint: since A is symmetric, we
can write F* = A - F - A.] Hence deduce the general rules Ej = E|, E', =(E, +vx B),

B| = By, BL =y(B. —v x E/c?). Verify that (B? — E?/c?) = (B"* — E"*/c?).

Some 6-tuples correspond to elements of area. This correspondence works as follows.
With any two displacements, say u and v, we associate the parallelogram bounded by u
and v. Information about the size and orientation of this parallelogram is conveyed by the
antisymmetric tensor S = u*v? — wfv®; in particular, if u = v, then S = 0. S has six
degrees of freedom rather than the eight numbers involved in u and v because we can add to
u any multiple of v without affecting S, and vice versa for v and u.

Exercise (4):

Prove the last statement and give a geometrical interpretation of this result.

In three-space the size and orientation of a parallelogram may be specified by giving
the magnitude and direction of the normal. Hence in three-space full information about an
antisymmetric 29 rank tensor can be packed into the three components of the 3-vector which
we call the cross-product of the parallelogram’s sides. In four-dimensional spacetime each
parallelogram has a magnitude and two mutually perpendicular normals, requiring six numbers
for its full specification. Consequently there is no direct analogue of the cross product and we
must represent areas directly with antisymmetric tensors.

Exercise (5):
Relate the above statements to the number of independent components of an antisymmetric
n X n matrix for n = 2,3, 4.

A physically interesting 6-tuple that describes an area is the tensor (z#p” — xVpt) formed
from the space-time coordinate vector z* = (ct,z,y, z) and the 4-momentum of a particle. If
the angular momentum about the origin is L, we have

0

H" = (zhp” — x¥ph) = c(zBfc® —tpy) 0 . T (1.18)

c(yE/c* —tpy) —L, 0 .
c(zE/c¢* —tp,) L, —L, O
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where the diagonal dots stand for minus the quantities in the lower left triangle of the matrix.
The numbers in the first column of this matrix give mc times the particle’s initial position
vector.

With every 6-tuple we get two free scalars. If the 6-tuple is of the form (u®v”® — ufv®),
then one of these is twice the squared magnitude of the corresponding parallelogram:
SW(WH%AS'{A) =S5"S, =-TrS-S
= (u'v” — u"v") (uuv, — uyv,) = 2[ullv| — (u-v)?.
Evaluation in the particle’s rest frame shows that the scalar $H,, H" = [|x||p| — (x - p)?] =
—(mocro)?, where rg is the distance (in the rest frame) between the particle and the origin at
t=0.

It is interesting to evaluate this same scalar for the Maxwell field tensor. Straightforward
matrix multiplication shows that the down-down shadow of F*¥ is!

0 —E,/c —E,/c —E./c

_ Em/c 0 Bz —By .
F. = E,jc —B. 0 B, (SI units), (1.19)
E.Je B, -B, 0

Multiplying each element of F},,, by the corresponding element of F** we find

m=1F, F* = -1 TrF F

= 1(each element of F),,) x (corresponding element of F"") (1.20)

= (B* - E?/c?).

To extract another scalar from a 6-tuple we need to introduce the Levi-Civita symbol:

—1 if a6 is an odd permutation of 0123 (1.21)

s { +1 if a4 is an even permutation of 0123
€0 =
0 otherwise.

Note:

Whereas when n is odd, the cyclic interchange i1 — io — ... — 4,1 — i, — %1 IS an even
permutation of the iy, when n is even, this permutation is odd. (To prove this exchange
i1 and i, and then make n — 2 exchanges to work i; back to the second place.) So whereas
for 3-dimensional tensors €;; = €55, we now have eProo — _capvd,

€879 allows us to form the dual F of F:

F = 10,
0 B, B, B,
| -B: 0 —E./c Ey/c (1.22)
| -B, E./c 0 —E/c|’

-B., —-E,/c E;/c 0

F can be obtained from F by the transformation E — B, B — —E. The other scalar is the
trace of the product of F with its dual:

f=TrF-F

= —(each element of F,3) x (corresponding element of 7
B (1.23)

4
=-F.-B.
C

1 1t is worth remembering that in special relativity the lowering operation only changes the sign of the mixed
space-time components.
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1.4 10-tuples (symmetric 2"¢ rank tensors)

Imagine that we move some charges around. Then the rate at which we do work on the e.m.

field is
—/E jdix
(1.24)

-~ |E. (v B- -

But V- (ExB)=B-(VxE)—E-(VxB),so (1.24) can be rewritten

:i/v-(ExB)d?’ac—l—i (— (VXE)—I— E aE)d?’ac
_i 2 - 2 2 )
= (ExB)dS+ /8tB+E/ %) d’z.

If energy is to be conserved, the energy we deploy moving the charges has to go somewhere.
According to (1.25) energy will be conserved if we interpret the Poynting vector

= iE x B (1.26)
Ho

as the flux of e.m. energy, and

1 2 2 /.2
%(B + E?/c?) (1.27)

as the density of e.m. energy.
How do the Poynting vector and the e.m. energy-density fit into the scheme of n-tuples?
From F we can construct the following important tensor:

1

TH = [ (Fyy F ) — )
“10 (1.28)
T=—[Te(F-F)n—F F|,
Ko

where F is, as usual, the Maxwell field tensor (1.16). It’s easy to see that Tr'T = 0. A little
slog shows that in terms of E and B the tensor T is

2uo (B*4+ E?/c*) N,/c N,/c N./c
N./c
T = * , 1.29
Ny/C Pl‘7 ( )
N./c
where )
A (g2 BTN i i
sz - Lo |:252] (B + 62) ( 7 2 ):| (27] - 17273) (130)

Thus the energy density in the e.m. field is the 00 component of T and the Poynting vector
occupies the mixed space-time components of T. It turns out that the 3x3 matrix P;; describes
the flux of the three kinds of momentum: P;, = flux of x-momentum etc.

Exercise (6):
Show that a uniform magnetic field parallel to the z-axis is associated with tension (neg-
ative pressure) along the axis, and pressure in the perpendicular directions.

As an example of T consider a plane e.m. wave running along i polarized parallel to j.

Then
E = (0,E,0) cos(wt — kx)

B = (0,0, B) cos(wt — kx).
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E and B are related by —0B/0t =V x E = B =kE/w = E/c. Hence
N = (E?/p10¢,0,0) cos?(wt — k).

The first term in our expression (1.30) is non-zero only on the diagonal. The second term is
non-zero only in the yy and zz slots and there cancels the first term. So P is

1 0 0 2
P;=10 0 0 cos? (wt — k),
J 00 0 NOC2 ( )
and finally
1 1 0 0
1100 §
T = 2(wt — kx). 1.31
000 0] cos” (w x) (1.31)
0 00O

The stress tensor P has only an entry in the xx slot because our wave is engaged in the
business of carrying xz-type momentum in the z-direction; the wave would push back a mirror
placed in a plane x = constant. Clearly the Poynting vector is also directed along the x axis,
which accounts for the off-diagonal units in T. In proper relativistic units the wave employs unit
energy density (“capital employed”) to carry unit fluxes of energy and momentum (“turnover”).
Notice that the wave’s phase is the scalar —k - x.

1.5 Derivatives of tensors

Derivatives with respect to any system of coordinates can be expressed in terms of derivatives
w.r.t. any other system by use of the chain rule:

0 oz” 0

X L T (1.32)
If the primed and unprimed systems are linked by a Lorentz transformation,
a'’ =AY a2t (1.33)
we have on multiplying by A," and summing over v,
A2’ = AN ot = 2",
where the last step follows by (1.12). Differentiating we get
% =A". (1.34)
Thus
ERYE 39
and we see that
0, = 80" = (%%, a%’ a%’ %) (1.36)

transforms like a down vector.
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Notes:
(i)
9 t lars t d tors: G, = 9 _ 4 ¢ =
Bk operates on scalars to produce vectors: n= o = O = Do
0
o operates on vectors to produce 2nd rank tensors:
s
0A,
G,U,I/ = @ = D#A,, = Ay,#
0 .
En operates on tensors to produce higher-rank tensors:
by
0B
GIJ«)\V = 87[:/ = DNB)\I, = B)\V,N

The operand’s indices can be either up or down: G,” = 0,A".

(ii) If we contract the tensor produced by operating on a vector, we get a scalar, the 4-
divergence ¢ = 0O, A*.

(ili) We can reduce the number of indices on a higher-rank tensor by contraction: A¥ = 0,G*".

(iv) The 4-analogue of taking the curl of a vector is to antisymmetrize the tensor formed by
operating on a vector: F,, = (0,4, -0, A,). If A, = 0,¢, then F,,, = 0 because partial
derivatives commute.

Example:

In e.m. the usual vector potential A and the electrostatic potential ¢ form the four com-
ponents of an up vector

At = (¢/c, Az, Ay, AL) = A= (—9¢/c, Az, Ay, AL)). (1.37)
Our old friend the Maxwell field tensor F is then
F,=0,A,-0,A,. (1.38)
0A, O0A A, 10¢
Thus Fio = —2% — —2 =B, and [y, = — +-— = —E,/c.
s f ox dy ana for c + c Ox /e
Derivatives with respect to proper time The history of a particle defines a curve in

space-time. Let A be a parameter which labels points on the curve in a continuous way. Then
the coordinates x* of points on the curve are continuous functions z*(\). For 6\ < 1 the small
vector

dx
O0xX = — O\
=1

almost joins two points on the curve. Hence it is time-like and |0x| < 0. For any two points A

and B on the curve, we define
1 (B dx
= - —|— 1.
C/A,/ ‘d/\dA (1.39)

to be the proper time difference between A and B along the curve. If the curve is a straight
line, we may transform to the coordinate system in which z* = (ct,0,0,0) at all points on the
curve, and then

det d(—ct)
Cdh dA
Hence the name. We regard the coordinates z* of events along the trajectory as functions
x#(7) of the proper time. Differentiating w.r.t. 7 and multiplying through by the rest mass my
we obtain a 4-vector, the momentum

dX = [tp — tal. (1.40)

dx

- (1.41)

P=mo
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From the zeroth component of the up version of this equation we have dt = ~dr; the hearts of
passengers on a fast train (they mark off units of 7) appear to beat slowly to a medic on the
station platform (whose watch keeps t).

1.6 Laws of e.m. and Mechanics in Tensor Form

The relativistic generalization of Newton’s second law is

I _ d ( dx) _de_y (1.42)

mo—— = — | MmMp— = =

%472 — ar\dr dr
where f is the 4-force. The last three components of f* are just the Newtonian force compo-
nents f;. With pu = 0 equation (1.42) states that the zeroth component of f* is to 1/c times the

rate of change of the particle’s energy cp®; hence physically f¥ is 1/c times the rate of working
of the force w. In summary

fr=(w/e, fa, fy, f2)- (1.43)
The divergence of (1.16) consists of these four equations:

10E,  10B, 10E,

¢ O 58y+c 0z %V-E
Fi., = 90B./0y — 9B, /0z — 50E, [0t | = ( 1 0E ) . (1.44)
—OB./0x + 0B, /02 — %0E, /ot VXB- 550

OB, /0x — 0B, /0y — -0E, |0t

The zeroth component is by Poisson’s equation equal to p/(ceg) = cugp, where p is the charge
density. By Ampere’s law, the last three of these equations are equal to poj, where j is the
current density. Hence if we form a 4-vector

g = (ep, ju, Jys =), (1.45)
we may write four of Maxwell’s equations as
F* ., = pog". (1.46)
It is straightforward to verify that Maxwell’s other four equations can be written

F,ut/y)\ +F)\,uat/ +Fu>\7y,:0 (M#V#A) (147)

Exercises (7):
(i) Show that when A, u and v equal 1, 2 and 3 respectively, (1.47) becomes V - B = 0.
(ii) Show that with equation (1.22) equation (47) may also be written F',, = 0.

Charge conservation is expressed as
/LOD j = /J(]jylv,u = FW/)I/# = 07 (148)
where the last step follows by the antisymmetry of F.
The natural definition of the 4-current associated with a particle of charge ¢ is

d
J:q—X

o (1.49)

Since the force exerted on a charged particle by an e.m. field has to be linear in ¢, the fields
represented by F, and the particle’s velocity vector, a suitable 4-vector to try as the force is

f=F.J (1.50)
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Tentatively inserting this into (1.42) and multiplying through by dr/d¢t = 1/ to obtain the
acceleration as measured in the laboratory frame, we get

dp dx
= —gF. =, 1.51
a - (1.51)
It is straightforward to check that the last three components of the up form of this vector are

(s

mgfya) =q(vx B+ E),

while the zeroth component is

d(mocy) _ig. v,
dt c

2

or, in words, “the rate of change of the particle’s energy mc® is equal to the rate of working of

the Lorentz force.”

Gauge invariance At a classical (i.e. non-quantum level) only E and B are physically
meaningful-—A is just an abstraction from which E and B can be calculated via F,, =
(0,4, —0,A,). So nothing physical changes if we replace A by

A=A +0OA, (1.52)

where A(x) is any scalar-valued function of space-time coordinates. The change (1.52) in A is
called a gauge transformation.

Gauge transformations can be used to ensure that A satisfies an additional equation. In
particular, given A we can choose A s.t. A’ satisfies one of these gauge conditions:

(i) Lorentz gauge:
0O-A=0 = D’A=0-A (1.53)
The Lorentz condition (1.53) does not uniquely specify A’ since many non-trivial functions

satisfy O%¢ = 0 and so given one A satisfying the 2°¢ of eqs (1.53), we can construct many
others A’ = A + ¢.

(ii) Coulomb or radiation or transverse gauge
V-AA=0 = V}A=V-A (1.54)

In this gauge the 0" eqn of the set OYF,, = poj, reads

é = —pojo = —0" (0o A, — 0, Ap)
=—-0p0"A4, + 00, Ag
= —0,0%4, + 070, Ay (1.55)
= 0'0; A
=-V?p/c

i.e., in this gauge the electrostatic potential satisfies Poisson’s eqn, which explains the
gauge’s name.
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1.7 Summary

The special theory of relativity requires that any physical quantity must fit into an n-tuple of
numbers, where n = 1,4,6,10,.... Physical laws must be expressed as equations connecting
the n-tuples associated with different physical quantities. These equations must be constructed
in accordance with the rules of tensor calculus, which permit only:

(i) the multiplication of n-tuples to form either higher-rank n-tuples (as in H,,, = x,p,—z,p,)
or lower-rank n-tuples (as in f, = F,,”J,), or
(ii) the addition of n-tuples of the same rank.
In particular, both sides of every acceptable equation always form valid n-tuples of the same
kind.

Rest-mass, electric charge and total spin are scalars (1-tuples). The most important 4-
vectors (4-tuples) include any particle’s energy-momentum p, e.m. current J or acceleration
dp/dr, and the potential A of the e.m. field. Important 6-tuples include any particle’s angular
momentum H and the Maxwell field tensor F. An important 10-tuple is the density T of the
energy-momentum due to the e.m. field.

In 4-vector notation the key equation of mechanics and e.m. are

_dx

v=— ; p=mgv ; J=gqv
dr
dp
f=F.J ; —=fF
Todr

F,ut/ = D#AV - DVA# N #Oj# 3 F#V’V =0,

where F* = 77“777”5F75 and F"' =
is

%e’“’”‘;FAﬂ;. The energy-monentum tensor of the e.m. field

1
™ = m (1 Tx(F - F)p* — Fr F7].

1.8 Physics from invariance

In favourable cases the requirement that every physically interesting number fit into some n-
tuple enables us to guess how things will transform under boosts from a knowledge of how they
behave at zero velocity.

For example, the e.m. field of a moving electric dipole is bound to contain a magnetic
component. It is plausible that this component is generated by a magnetic dipole and thus
that a moving electric dipole is also a magnetic dipole.

Let the electric and magnetic dipoles be p and €, respectively. Then the energies due
to the two types of dipole are —e - E and —u - B. These energies are obviously the same in
a lab where everything is a mirror image of our lab. So € must be a vector like E and p a
pseudo-vector like B. Since € and p are somehow coupled by boosts, it is more than probable
that they are embedded in a common 6-tuple just as E and B are. In other words the following
must be a 4-tensor:

0 CeEx  CEy  CE,
B L (1.56)
—Cey  —Hz 0 P
—CE,  fy  —Hg 0

It follows that € - E — p - B is a 4-scalar.
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2 Radiation of Electromagnetic Waves

In the Lorentz gauge (1.53), O, F" = pugj* becomes
pojt = OO, A — O%2AF = —0O2AH, (2.1)

so each component of A obeys the wave equation with the corresponding component of —pj
as a source. So let’s find particular integrals of

02¢ = s(x), (2.2)

for prescribed s(x). The key is to find an appropriate Green’s function G(x,x’), that is, a
solution for s = 0(x — x'):
D2G(x,x') = 6(x — X'). (2.3)

[(Here §(x) = d(z0)d(x1)d(x2)0(x3).] Clearly G(x,x') = G(x — x’), so we first find G in the
case X' = 0 and then obtain G for general x’ by substituting x — x — x’ in our solution. Thus
we now solve

0%G(x) = §(x). (2.4)

We look for a spherically symmetric G(r,t):

1 0/ ,0G 1 0°G
—— (r E> ~ 5 = d(ct)i(@). (2.5)

This can be reduced to the ordinary wave equation for the new variable S = rG:

0%S 1028

Away from x = 0 this is the homogeneous wave eqn. So there S = f(r —ct) + g(r + ct) and we
see that G is a superposition of an outward-going wave (f) and an inward-going one (g). On
physical grounds we take the amplitude of the latter to be zero: g = 0.

Physically we expect that a blip in s at (r = 0, ¢ = 0) will produce a disturbance confined

to the surface r = ct, so we try f(r — ct) = Ad(r — ct). To check that this works and get the
proportionality constant A, we integrate (2.4) with G = A§(r — ct)/r from t; to to:

t2 A Ar o0 t2
/t dt 0% (AS(r — ct) /r) = { V2<?> - [aé(r — ct)L1 if ¢ty <1 < cty (2.7)

0 otherwise.

The second term on the upper right of (2.7) is zero because the J-function and all its derivatives
vanishes when its argument is non-zero, as here. On the other hand, we know from electrostatics
that V2r—! = —4xd(x). Hence the first term on the upper right of (2.7) is non-zero only if
r=0 = t; <0 < ty, and then is appropriately infinite. Bearing in mind the lower line on the
right of (2.7), we see that O2(A&(r — ct)/r) is non-zero only in the neighbourhood of x = 0,
as we had hoped. Integrating both sides of (2.7) through a very small sphere centred on the
orgin, we see that

/ a d'x 0% (Ad(r — ct)/r) = —4T A. (2.8)

1 <t<t2

Since we require [d*xG =1, we set A = —1/47 and have, finally

(x| = t)
47 ||

L Gx—x) =2 ;:‘li‘if‘_ 2l (2.9)

G(x) =
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Box 1: Two Lemmas on J§-functions

(I) For any function f(x) which never touches the x axis we have

Nz — ;)
S(f@) = Y, Tt (B1.1)
z; s.t. f(x;)=0 ‘df/dﬂi"

Proof: For arbitrary g form the integral [6[f(z)]g(x)dz. Obviously this gets contri-
butions only from the neighbourhoods of zeros z; of f. In each such neighbourhood,

f is a monotone function of x, so we can use f as the independent variable. Then
dz = df/(df/dx) and each interval contributes

flzit)
51 = -9 /f Vs dr (B1.2)

If df /dx < 0, then f(z;—) > f(x;+) and the integral in (B1.2) is —1. On combining the
contributions from different intervals, we therefore have

o gl
JEorer 2 T

But this is just the integral of g(z) times the r.h.s. of (B1.1).

(IT) For any two functions a, b which never touch the z-axis we have
d(a)  9(b)
ol laf

Proof: The zeros of ab split into those where a = 0 and those where b = 0. So with
(B1.1) we have

0(ab) = (B1.3)

_ @ — i) @ — i)
o(ab) = ;0 bldafdo)] © S;b:o [a(db/dz)] (BL.4)

But this is precisely what we get on applying (B1.1) to the r.h.s. of (B1.3).

Eqn (2.9) is not manifestly Lorentz invariant, as one might expect G to be since it solves
(2.3), which is. However, from Lemma II in the box we have

§(jx —x|) = o[- (t —t)? + | — 2'|?]
=0[(—c(t —t") + & — @' |)(c(t — ) + |z — 2'|)]

(2.10)
Ot =)+ |z — '] N Se(t —t') + |z — 2'|]
N 2l — /| 2|z — x| ’
(2.10) allows us to rewrite (2.9) in the manifestly invariant form
1 0 t<0
N oy R _
G(x—x') 5 Ot —t")o(|x — x'|) where 0(t) {1 £50" (2.11)
We can now write down the solution to (2.1) in two forms:
= —,uO/G x, x)j(x")d*x’
(2.12)
o / 0(t — )3(jx — x'|)j(x')d*x’
_ o _ t/
A(t,x) ,ug/d3'/dct’t:c [z — @] — ot — )]
dr|x — @'
(2.13)

t_ _/
_ o [tz w\/QX)dga},_
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The quantity A given by these eqns is called the retarded potential. From (2.12) or (2.13)
we can find the potential A generated by any system of charges.

2.1 Dipole radiation

What potential does (2.13) predict for a point very far away from a fluctuating charge distri-
bution? We put the coordinate origin in the middle of the charge distribution. Then in | —z’|
we can neglect x’ by comparison with x, and have

w [
At,x) ~ Fﬁv! /J(t — |x|/c,x") A3’ (2.14)

The equation of charge conservation, dp/dt = —V -3, enables us to relate the spatial components
of this to the dipole moment of the charges grouped around the origin. The latter is

pE/p(az)md3m (2.15)

dp _ [9p_ .3

E_/atmdm
:—/(V-j)md3m
:/(j-V):cd3:c

:/jd%.

Ho dp
Alt ~ -
t @) Arr|x| dt

SO

(2.16)

Thus

(2.17)

(t=l=|/c)

Notice that the amplitude of the potential falls off as 1/r as for the electrostic field of a point
charge. But if the charge distribution fluctuates, the potential acquires extra spatial variation
through p, and this enables the fields E, B that one derives from A to be fall off like 1/r also.
This is the effect that enables electrons in the Sun to perceptibly wiggle your electrons as you
lie on a beach 93,000,000 miles away.

Exercise (8):
Show that (2.14) gives A° = 0 in the far field. [Hint: exploit charge conservation.]
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At what rate does a fluctuating charge distribution radiate energy? Ideally we’d calculate
this by integrating the energy-momentum tensor T around a sphere. But we want to avoid
calculating curls in spherical polars because that would be tedious, so we cheat a bit and argue
that at large « the wave-fronts can be treated as planar. For a planar wave propagating in the
k direction _

At,z) = Af(t—k-z/c), (2.18)

where A is a constant vector. This gives
1. ~ .
B=VxA=—kxAf(t—k-x/c).
c

Furthermore, the set (E, B, k) is known to form a right-handed set of mutually orthogonal
vectors. Thus

E=cBxk.
The Poynting vector is therefore
1 B? .
N=—ExB="k
“f Ho (2.19)
= —[A% — (k- A)?] k.
Hoc

Comparing (2.17) with (2.18) we have that

P ir_ MO
k=x and Af= 477]:13\1)' (2.20)
Using this in (2.19) we find
N= Lt Q[p'? — (z-p)Y]a. (2.21)
toc \ 47 |x|

The angular distribution of the flux |IN| is that of a quadrupole field: it vanishes for = || p

and peaks in the orthogonal directions. Integrating over a sphere of radius || we find that the
radiated power is

.o 2

p_ HolB®

2.22
6mc ( )

This is known as Larmor’s formula for the power radiated by a system of charges. If the
charge distribution consists of a single charge with position vector r, then p = ¢r and from
(2.22) the power radiated is
_ ¢ 2lFP
 dmeg 363

(2.23)

(Notice that power has units of forcexspeed, so ¢*/4mey needs to be multiplied by something
with units V/L? made out of 7 and c.)

2.2 Single accelerated charge*

One important special case is that of an accelerated particle of charge ¢: if the charge’s world-
line is X(7), one has

jx) = qc/Xé(x —X)dr
(2.24)
= qc/&(x - X)dX.

Lies beyond the syllabus



3.1 Paths, functionals & the calculus of variations 17

Exercise (9):
Check the validity of (2.24) by (i) showing that it is dimensionally correct, (ii) showing
that f jd3x = q(dX /dt), i.e., the total current is just ¢ times the Newtonian velocity,
and (iii) showing similarly that the total charge in any spatial slice is always g.

Plugging (2.24) into (2.12) yields

Ax) = “Uqc/d4 0t — 5(|x—x’|)/X5(x’—X dr

“Oqc/e (t — T)5(jx — X|)X dr (2.25)

477606 (x— X) - X \fo\:o.

where use has again been made of (B1.1). This is called the Liénard-Weichert potential.
Notice that for X = (¢, 0) it gives the Coulomb potential as it should.

3 Lagrangian Mechanics

3.1 Paths, functionals & the calculus of variations

Before a ’plane takes off from New York for London, its computer chooses an optimal path
x(t); i.e., it finds that sequence of longitudes, latitudes and altitudes at each moment ¢ of the
flight which, given prevailing winds, will get it to London at the prescribed time with least
expenditure of fuel. The quantity of fuel required to get to London in a given time is a single
number F' that depends on the whole path x(¢); one says that F' is a functional F[z] of the
path x(t).

The simplest functionals are integrals along the path of functions of x(¢) and its derivatives
with respect to t:

Fil] E/Oo|m(t)|2dt
Fola] E/Ooy:b(t)\?dt
Fg[w]z/oow':b(t)dt

How do we find the path that minimizes a functional

= /to f(x, @) de?
0

Let Z(t) be the minimizing path and let n(¢) be a small variation, so that x(t) = Z(t) +n(t) ~
Z(t). We insist on 7 vanishing at ¢t = 0,y so that Z(¢) and the modified path both start and
finish at the same places at the same times. Then

FE <Flx]= | f@+nT+n)dt

:/Oto (f(fi)+a—i-n+—f n+- )dt (3.1)
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We now integrate by parts the second term in the integral of the last line:

bof . of 1 [ d of
o Ok ndi= [O_dc'n}o _/0 dt(@m) ndt. (3:2)
Since n(0) = n(to) = 0, the [.] vanishes. Putting this into (3.1) we have
forcof  dof
o= [ A e Je

This relation must hold for any 1, no matter how small. So the higher terms indicated by + - - -
can be neglected. The remaining integrand is proportional to 7, so if it were non-zero for some
particular function n(t), it would have the opposite sign for n’ = —n. The inequality on the
extreme left would then be violated for one of i of . Hence the integral must vanish for all
1. This is possible only if the coefficient of 1 vanishes for all 0 < t < tg: if it did not vanish
for some t, say t1, the integral would fail to vanish for the particular choice n = 6(t — t1). So
Z(t) minimizes F' if and only if

dt oz Oz 0 (34)
This is called the Euler-Lagrange equation (‘EL eqn’), and the theory that underlies it
is called the calculus of variations. It is one of the few results we have in the theory of
functionals—one everywhere in physics encounters problems that cry out for a fully fledged
calculus of functions that shows how to integrate, Taylor expand, exponentiate etc functionals
the way we do functions.

Legend has it that the calculus of variations was invented by Newton after dinner one
evening to solve this challenge problem (set in 1695 by Johann Bernoulli):

Exercise (10):
A bead slides on a smooth wire that passes through two rings, one at the origin, the other
at (¢/,y',2") = (20,0, —29) with zg > 0. To what curve (the ‘brachystochrone’) must the
wire be bent in order to minimize the time required for the bead to slide from rest at the
upper ring to the lower ring?

Solution: The optimal curve obviously lies in the plane 3’ = 0. It is convenient to work
in coordinates (z,y, z) such that z increases downwards. Then the time of flight is

0 dz
T :/ —_Q.
0 z
But (% + £%) = gz, so ¢ = \/29,2/[(d3:/dz)2 + 1] and
dx
1.
/ dz) +
We need to minimize this with respect to the path x(z). The EL eqn tells us that the
optimal path satisfies

d dz/dz
:&<¢z¢m>’

9= [

where A is a constant of integration. (A may be determined by ﬁrst solving xo/zp =
(0o — 5 sin 26p)/sin? 6 for #y and then using this value in A = sin?#y/2p.) In terms of
variable sin? @ = Az the answer is

which implies

1 .

=7 (6 — 5 sin26). (3.5)
If we write ¢ = 26 this may be written z = (1 — cos ¢)/2A, x = (¢ —sin ¢)/2A, which is a
cycloid with the origin at its cusp.
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3.2 Lagrangian for relativistic motion

Quantum mechanics ensures that every particle moves from one event x; to another x5 in such
a way that a functional S of its world-line between these events, x(7), is extremized. We’ll see
how q.m. does this in §5. But granted that it can be done, it is easy to see what the functional
S[x] must be: we write

and ask what form the function s may take. S is called the action for single-particle motion.
The action must be a scalar since there is no obvious higher n-tuple into which we can fit it.
T is a scalar, so s must be a scalar too, and we have only to ask what scalars we can construct
from the world-line x(7) and quantities such as A, F associated with the e.m. field.

First we note that S shouldn’t depend on our choice of origin, so only derivatives X, X etc
should occur in s, not x itself. Furthermore, the EL eqn involves differentiation with respect to
the variable that parameterizes position along the extremal path, in this case 7. So we will get
as 2"d-order eqn of motion, if s depends on %, but not on higher derivatives of x(7). Similarly,
the EL eqn involves differentiation w.r.t. the general position vector x, so if the eqn of motion
is to depend on F and not its derivatives, s should depend on A but not F. So the invariants
to consider are (i) |x|> = —c? and (ii) x - A—we exclude |A|? from consideration since its
contribution to S proves to be both gauge- and path-dependent. So the simplest thing to try
is

S = /(—m002 +g%x-A)dr, (3.6)
where we’ve included the rest mass mq for future convenience and ¢ is some constant.

Exercise (11):
Show that the gauge-dependent part of the action (3.6) is path-independent.

Unfortunately we cannot apply the EL eqn to (3.6) as it stands because we want to
hold constant the events of arrival and departure, x; and x5, rather than the proper-time
elapse between these events. So we have first to eliminate 7 from (3.6) in favour of, say, t.
dt/dr = p°/mgc = v, so

Sz/(—moczx/l—v2/02+qi—?-A> dt. (3.7)

If this guess is to be right it must predict rectilinear motion when A = 0. Applying (3.4) with
A =0 gives
d mov dyv

Ew/l—?ﬁ/(ﬂ:o R T &8

The correctness of this result is manifested by multiplying through by ~ to produce
d dx
— -0
o dr dr
So far so good. Now for the case A # 0. Since A* = (¢/c, A) and dz,/dt = (—c,v), the
action is
S:/[—mOCQ\/l—v2/62+q(—¢+'v-A)] dt, (3.9)

so the EL eqn is

%(%*q@ +qV(p—v-A)=0. (3.10)

Here the derivative w.r.t. t is along the path, so

dA  9A

E — E + ('v . V)A (3.11)
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The partial derivative here can be combined with the V¢ term in (3.10) to produce E =
—V¢ — 0A/0t. Putting all these things back into the EL eqn (3.10) yields

dyv

Mo~ = q[E+V(v-A)—(v-V)A]. (3.12)

It’s now straightforward to show that the last two terms on the right of (3.12) equal v x B as
one would hope: bearing in mind that Vv = 0 we have

vXx B=vx(VxA)
=V(@w-A)—(v-V)A

Thus the EL eqn applied to the action (3.6) gives

dyv

mo—gp = q(E+v x B) (3.13)

and we are able to identify ¢ with the particle’s charge.

3.3 Lagrangian for non-relativistic motion

From (3.9) the action for non-relativistic motion in an electrostatic field is
5= / [— moc® + L{z, &,0)] dt, where L(z, &)= tmod? — q(, t). (3.14)

Since f moc? dt is the same for all paths that start and finish at the given events, it plays no
role in picking out the true path. So it can be dropped, and we obtain the principle of least
action:

05 =0 where S= /L(w,d:,t) dt. (3.15)

The function L is called the Lagrangian. By (3.14) it is the difference between the particle’s
kinetic and potential energies.

The equations of motion of every conservative dynamical system can be derived from a
Lagrangian. At heart every system is conservative; friction arises from neglect of the micro-
scopic degrees of freedom to which energy tends to be transferred from the macroscopic ones
to which the eqns of motion apply. So Lagrangians are a very general tool.

The Lagrangian of a dynamical system depends on the system’s n coordinates, convention-
ally written q and velocities q. The 2n-dimensional space of initial conditions (q,q) is called
phase space. (Notice that we are here treating ¢ as completely independent of q; from the
point of view of phase space q isn’t part of a path, just a configuration of the system.) The
eqns of motion allow one to determine uniquely the system’s future and past from its present
position in phase space. Geometrically, through every point of phase space there runs a curve
along which the system evolves. These curves never intersect one another.

3.4 Equations of motion from Lagrangians

Lagrangians provide a neat way of calculating eqns of motion in odd coordinate systems because
it is easier to transform a single function to new-fangled coordinates that a set of eqns of motion.
Consider, for example, motion in a rotating frame.

Suppose both primed and unprimed coordinates share the same origin, but the primed
coordinates rotate with angular velocity w with respect to the unprimed coordinates, which
are inertial. Then

Vinertial = T’ + w X r'.
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So written in terms of the primed coordinates the k.e. is

T=1me? = Lm|r +w x|
QmU. 2m|. | (316)
=imr)? +mr' - (wx 7)) + tmlw x 7|2
The p.e. is just V(r/,t), and we have r' - (w x ') = ' - (1 X w), s0
L=imr?+mr' - (wxr)+ imlwxr'? =V (3.17)
and the EL eqns are
dar aL
= i(mr’ +mw x 1) — |mr' x w+ i(lmlw x 7|2 — V)]
dt or’' \? ’
Collecting everything together we have finally
. . oV
mr' = 2mr' x w— —%  where Vg =V — Imlw x r'|%. (3.19)

or’

In a rotating frame there is a contribution to the “acceleration” 7’ from the Coriolis force
2mw x 1, and the potential needs to be augmented by a term that gives rise to the centrifugal
force rw? — (w - r')w. Forces such as these, which appear because one’s frame is non-inertial,
are called pseudo-forces.

A second example illustrates that Lagrangians work even for coordinates that depend
explicitly on time. In cosmology it is handy to use ‘comoving’ coordinates such that the spatial
coordinates of particles that move apart as the Universe expands are constant. Let the primed
system be inertial and the unprimed system comoving. Then ' = a(t)r, where a(t) is the
cosmic scale factor. So

T = imi”? = im(ar + ar)*. (3.20)
Writing the potential energy as V' = m® the EL eqns are
0= —[m(ar + ar)a] — m(ar + ar)a + m8_<1>‘
dt or

Cleaning up we get
'i‘+2d7*—|— dr— L 0o
a a a2 or’
A final example illustrates how to get T" in a weird curvilinear coordinate system. Oblate
spheroidal coordinates (u, v, ¢) are related to regular cylindrical polars (R, z, ¢) by

(3.21)

R = Acoshucosv ; 2= Asinhusinwv. (3.22)

Slightly changing u, v and ¢ in turn while leaving the other coordinates alone, generates small
displacements
e, = Adu(sinhucos vR + coshusinvz)

e, = Adv(— cosh usin vR + sinh u cos v2)
€y = Ré(ﬁ

The R z and ¢ unit vectors are orthogonal, so the distance one goes on changing all of (u, v, ¢)
simultaneously is

ds? = A? [(6u)2(sinh2 ucos? v + cosh? usin® v)
+ (6v)?(cosh® usin® v + sinh® u cos® v) + (§¢)? cosh® u cos® v (3.23)
= A2{(cosh2 u — cos? v)[(0u)? + (6v)?] 4 cosh? u cos? v(6¢)*}.
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Dividing through by dt? we get the kinetic energy in terms of (u, v, QS)
T= %mAQ{(cosh2 u — cos? v)[i? + ©?] 4 cosh? u cos? v(ﬁz}. (3.24)

The eqns of motion are therefore

mAQ{%[((COSh2u— cos? )u] — %SiﬂhQu(ﬁQ 192 1 cos? U(ZBQ)} N 86_‘/ o
u
e 2u — cos? v)0] — Lsi 2 s2 2, 12 o _
mA = [((cosh® u — cos® v) ] sin 20(i® 4 0 — cosh? ug?) b + v 0
d N
2| @ 9 ) v _
mA dt(COSh U COS vgb)} + 7 0.

3.5 Normal modes from Lagrangians

Obviously, when a system is in equilibrium all its time derivatives vanish. From the EL eqns
we infer that equilibrium configurations correspond to 9V/dq; = 0, where g; is any coordinate.
(¢; is often called a generalized coordinate to emphasize that it needn’t be Cartesian or
otherwise special.) By expanding V(q) around the stationary point qs corresponding to an
equilibrium configuration and plugging the expansion into the EL eqns, one sees that the
equilibrium is stable if q is a local minimum of V', and unstable otherwise.

When slightly disturbed from an stable equilibrium, the system will oscillate in a motion
that can be represented as a superposition of normal modes. Lagrangians provide a relatively
painless route to the frequencies and forms of these normal modes. The trick is to expand
L(q,q) in a Taylor series around the equilibrium configuration q = qs, q = 0, discarding terms
of higher than second order in q — q, and its derivatives. Thus we write

L ~ $M;jGid; + Cijdiqs + 5Fijqiq; + Aidi + Bigi + Lo, (3.25)

where M, C, F, A and B are constant matrices or vectors and the summation convention is
in force. Since the EL eqns involve only derivatives of L, we can discard the constant Lg. It
is also easy to check that if C is symmetric, the terms proportional to C and A make no net
contribution to the equations of motion. Further, if we assume that q, = 0, then B = 0. So in
this case the EL eqns are

Mi;G; = Fijq;- (3.26)

This is easily solved by writing q(t) = Qe'*?, whence the eigenfrequencies w are the roots of

det(F + w*M) = 0. (3.27)

Exercise (12):

A cylinder of mass m and radius a rolls on a rough horizontal table. A second cylin-
der, mass m and radius %a rolls inside the first. Find the normal frequencies for small
disturbances from equilibrium.

Solution: Let 6 be the angle through which the first cylinder has turned from equilibrium,
and ¢ be the angle turned by the second cylinder. Then the line between the two centres
makes an angle

=160 (3.28)

with the vertical. The kinetic energy of the first cylinder (translational plus rotational) is

T = %m(aé)2 + %mazéz. (3.29)
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The motion of the centre of the second cylinder is a compound of the horizontal motion
af of the centre of the first cylinder, plus %(Mb tangent to the line joining the centres. The
total kinetic energy is therefore

T = m(ab)? + %m[(aé + %(ML cosh)? + (%(Mb sin )] + %m(a/2)2q32. (3.30)
The potential energy is simply
V = —mgzacos . (3.31)

In T, which is quadratic in the velocities, we set ¢y = 0 and we expand V to second order
in %, to find . N ‘
T = ima®(26° + 109 + 2.¢7),

(3.32)
V = constant + Tmga(3¢ — 0)*.
Defining wy = y/g/a the equations of motion become
99+ 1d— w2 (lp—0) =0,
20+ 50~ (30— 0) (3.33)

10+ 26+ Ltwi(io—0)=0.
The eigenfrequencies are now easily found to be w = 0 and w = 1/8/11wy.

3.6 Noether’s theorem

A constant of motion is any function C(q,q) that satisfies dC/dt = 0, where q(t) is a
solution of the eqns of motion. For example, in a ‘conservative’ system, energy is conserved, so
E(q,q) is a constant of motion. Finding a constant of motion is a big step towards obtaining
a general solution of the equations of motion.

In general, a system with n degrees of freedom ¢i,...,q, admits 2n — 1 independent
constants of motion. We show this by arguing that given the phase-space position (q,q) at
any time t, the equations of motion allow us to give the phase-space position (q(o), q<0>) at any
reference time tg. Thus qgo) or q'go) is a function f,(q,q,t) with « = 1,...,2n. On eliminating
t between these 2n functions, we have 2n — 1 constants of motion.

It seldom happens that we can find 2n — 1 constants of motion—a rare exception is the
case of motion in a Kepler potential V' o 1/r. In fact it turns out that essentially complete
information about solutions of the equations of motion can be extracted from n constants of
motion. A system for which n constants of motion can be found is said to be integrable.

A theorem proved by Emmy Noether (1882-1935) provides a powerful way of extract-
ing constants of motion from Lagrangians. Noether’s theorem involves identifying a flow
in phase space that leaves L invariant. A ‘flow’ is an infinitesimal transformation (q —
q + (dq/dA)oX, g — q + (dq/dA)dN). For example, the transformation  — x + 16\ with
all the velocities remaining the same, is a flow. Invariance of L just means that L takes the
same value at all points that are joined by the flow. Noether’s theorem states that if L is in-
variant under (q — q+ (dq/d\)oA,q — q+ (dq/dA)dA), then (dq/dN) - (OL/0q) is a constant
of motion. Thus from the invariance of L under translation  — @ + 26\ along the z-axis,
Noether’s theorem deduces the constancy of the z-momentum OL/Jz, which is equal to mi
for a particle moving in a velocity-independent potential.

The proof of Noether’s theorem is simple. We have

oL oL
= L = — —_— ~ .
0=4 9q éq + 4 oq
Using the EL eqns to eliminate OL/dq this becomes
d /0L oL .
— i (5q) 99+ 5q 54
d /0L
=1 (5q *%9):
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and the result follows on writing dq = (dgq/d\)d\.

Consider the proof of conservation of angular momentum by Noether’s theorem. A rotation
by 46 about the unit vector n changes x by d6n x x. So if L is invariant under this rotation,
the following is a constant of motion:

OL
0@
oz

G
11l
=38

X &
(3.34)

n-

For a particle moving in a velocity-independent potential this is just the component of ma x &
parallel to n.

Here’s an application to moton in a uniform magnetic field B = Bk: By (3.9) the non-
relativistic Lagrangian is
L = Imgv® + qv - A. (3.35)

Let’s choose A = (—By,0,0). Then L = imgv? — ¢Bu,y is invariant under two flows: (i)
x — @ + M and (ii) £ — x + M\k. Hence we have two invariants

oL oL
Pr = 5o =move —qBY ;i p. = o2 =movs. (3.36a)

Choosing A = (0, Bx,0) we find a third invariant for the same physical problem:

oL
Dy = 5 = movy + qBw. (3.36b)

The physical meaning of p, is obvious, but what do p, and p, mean physically? Add them up:

P =p, +ipy = mo(vy +ivy) + ¢B(ix — y)

. where ¢ =z +1iy. (3.37)
= mo§ +igBE
Solving this first-order d.e. for £ we find
; iP B
£(t) = £(0)e ™ + ——, where w= 1" (3.38)
m(]w mo

is the Larmor frequency. It is now easy to see that the real and imaginary parts of P encode
the y and = coordinates of the guiding centre around which the particle gyrates.

4 Hamiltonian Dynamics

It turns out that (q,q) are not the ideal coordinates for phase space. The natural coordinates
are (p,q), where

== (4.1)

is the momentum ‘conjugate to q’. Changing coordinates from q to p is analogous in ther-
modynamics to replacing V' by P since P = —(0U/0V)g just as p = (0L/0q4)q. We are
replacing a variable by the gradient of some function of that variable. Transformations of this
type are called Legendre transforms. When in thermodynamics we eliminate V' in favour
of P it is expedient to introduce a new function H (S, P) = U + PV. So here we introduce the
Hamiltonian

H(p,q)=p-q—L, (4.2)

where it is understood that q is to be eliminated in favour of q, p, and ¢ using equation (4.1).
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The total derivative of the Hamiltonian is

oL OL OL
dH:p-dq—i-q-dp—(a—) -dq—<a—,> -d(']—<a—> dt
ad/ ¢, A/ q,t t/) aa

’ 4.
v (), (),
q p 8(1 q7t q 8t q7q )

where the first and fourth terms cancel by (4.1). But we may also write

an=(50) ap (50) dar (G) (4.4)
o) Y oq ), ot ) ap

) )

Since equations (4.3) and (4.4) must be the same, we have

q_<Qﬁ> .(@E) __<@g . C%% __<@g (4.5)
op q7t’ od ) 5. 0q q,t7 ot ) qp ot q,q‘ '

Using the EL eqns and simplifying the notation, the first two of these equations lead us to
Hamilton’s equations

OH OH
Along a trajectory {q(t), p(t)}, the Hamiltonian H|[q(t), p(t),t] changes at a rate
H H H H H
dH O0H . 0 ., 0H 0 (47)

a oq T p Pt T e

Hence, if OL/0t = 0, it follows from equation (4.5) that the Hamiltonian is conserved along all
dynamical trajectories. We can think of this as an extension of Noether’s theorem: the integral
H arises from the time-translation invariance of L.

Thus, for example, consider motion in the time-independent potential V (x). If we work in
Cartesian coordinates, the Lagrangian L = 2ma? —V () depends only on @ and @, so 0L /0t =
0. Hence the Hamiltonian H is conserved. The physical quantity to which H corresponds is
easily found. We have p = 0L/0& = m& and

H(z,p)=p-&—L

2 (4.8)
p
=—+4V
which is simply the total energy £ = k.e. + p.e.. Thus for motion in a fixed potential the
Hamiltonian is equal to the total energy.

What are p and H in a rotating frame? From (4.1) and (3.17) we have
p=m(f+wxr) (4.9)
which shows that p isn’t always the same as . The Hamiltonian for a rotating frame is

H=m@F+wxr) r— %m\ﬂQ—kmf'(wxr)—i—%m\wxr\Q—V (4.10)
X )

=imr]? — imlw x r> + V.
This is not the same as the energy in an inertial frame: the kinetic contribution is different
and there is an additional centrifugal potential energy —%m[w x r|?. Indeed, unless V is
axisymmetric [V = V(|w X r|)], the energy in an inertial frame changes as V' does work on the

potential, but H is nonetheless constant.
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The Lagrangian for non-relativistic motion in an e.m. field is (see (3.9)

L=1imla]®+q(@ A—9), (4.11)
so in this case
p=mx+qA
H = (ma&+qA) & — [%m[:b\Q—kq(a’:-A—qﬁ)]
, 4.12
= Lnfaf + g0 (4.12)

1
= 5-IP - qA|* + qo.

Thus in an e.m. field p is not just ma. Although H is just what one would naively think of as
the energy, when expressed in terms of p it looks odd. In quantum mechanics the distinction
between p and @ is of the utmost importance because it turns out that when one quantizes, it
is p rather than ma that should be replaced by —iAV

4.1 Liouville’s theorem

If we imagine releasing a bunch of dynamically identical systems from neighbouring initial
conditions, then the ‘phase points’ describing these systems flow through phase space like a
fluid. This flow is governed by Hamilton’s equations (4.6). It is an incompressible flow: the
‘velocity’ of the fluid is (p,q) and the divergence of this velocity is

aiv(p.q) = (O 1 29)

op Oq
(- OH @2_H> _
N opdq 0qdp/

The divergence-freeness of the phase flow is known as Liouville’s theorem.

Let f be the probability density of systems in phase-space. Then conservation of systems
requires that f obey the continuity equation

0 . ..
0= a—{ +div((p,q)f)
_of ., of . of .
=% tap Pt aq 4 (4.13)
_of _of oH of o
0t Op O0q Oq Op

where Liouville’s theorem has been used. The continuity equation of f in either of the last two
forms is known as Liouville’s equation.

4.2 Poincaré invariants*

Since Hamilton’s equations (4.6) are first-order differential equations, if we are given a particle’s
phase-space coordinates (qg,po) at time ¢ = 0, we can solve Hamilton’s equations for the
coordinates (q;, p;) at any later time ¢. Thus through each point (qg, pp) in phase space there
passes a unique phase-space trajectory [q(qo,Po,t), P(Qo,Po,t)], which gives the future and
past phase-space coordinates of the particle that at ¢ = 0 has coordinates (qg, pg). We define
the time-evolution operator H; by

H,(q0,Po) = [a(q0, Po, t), P(do, Po, t)]. (4.14)

Lies beyond the syllabus
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We say that the operator H; is generated by the function H(q,p).

Let Sy be any two-dimensional surface in phase space, and (u,v) any pair of coordinates
that may be used to specify points of Sy. The time-evolution operator H; maps each point of
Sp into a new surface S; and we denote by (u,v) the point of S; into which H; maps the point
(u,v) of Sg. With these definitions, all 2n phase-space coordinates ¢; and p; are functions of
the three variables u, v, and t.

We define .
At)E// dpquZ// dp;dg;
St ; St
_Z/ apw% dudo,

and calculate dA/dt. We set t' = t + 0t, where 0t is small, and introduce the conventions
q(u,v) = q(u,v,t), ¢'(u,v) = q(u,v,t') and similar notations for p and p’. To first order in the
small time interval §t, Hamilton’s equations (4.6) yield

(4.15)

b OH OH
(d',p") = Hsi(a,p) = <q+ b dt, p 9 5t> (4.16)
Differentiating these equations with respect to u and v, we find
Owi ;) _ Opingi) [Jgi O*°H  9pi O°H  pi O°H  Jg¢; O*H | .,
O(u,v)  O(u,v) ov Oudq;  Ou Ovdp;  Ov Oudp;  Ou Ovoq; (4.17)
+ O(5t)%.
Thus
dA _ . pz,q, A(pi, i)
dt 5t—>0 {5t // dudv Z [ 0(u,v)
(4.18)

——Z//dd quaz (‘?piGQ +%02H_%32H
N v Oudg;  Ou Ovdp;  Ov Budp;  Ou Owdg; |
One may show that the sum of the square brackets in equation (18) vanishes by replacing every
(%i L 9P 0
ou dqr,  Ou Opy

J . o
occurrence of q @ the second derivatives by >,
u

Hence A = 0 and we have:

) and similarly for —.
ov

Poincaré invariant theorem If S(0) is any two-surface in phase space, and S(t) is the
surface into which S(0) is mapped by the time-evolution operator Hy, then

// dp-dq = // dp - dq. (4.19)
5(0) S(t)

Corollary If v(0) is any closed path through phase space, and ~(¢) is the path to which ~(0)
is mapped by the time-evolution operator, then

jé p-dq= jé p - dq. (4.20)
7(0) v(t)
Proof. By Green’s theorem,

7{ p-dq= Z]é pidg; = Z// dpidg;, (4.21)
0 AT Jsw

where S(t) is any surface that has y(¢) as its boundary. The result now follows from the
Poincaré invariant theorem.<

Any mapping of phase space onto itself which, like H;, conserves line integrals of the form
$ p-dq, is called a canonical map.
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4.3 Poisson brackets and canonical coordinates

Let A(q, p) and B(q, p) be any two functions of the phase-space coordinates. Then the Poisson
bracket [A, B] is defined by

0A 0B 0A 0B

A B 4.22
[4, B] = 5 4 9 9p 9q (4.22)
It is straightforward to verify the following properties of Poisson brackets:
(1) [A7B] = _[BvA] and [A +B7C] = [A7 C] + [370]7
(ii) [[4,B],C]+[[B,C],A]+][C,A],B] =0 (Jacobi identity),
(iii) The coordinates (q, p) satisfy the canonical commutation relations
(iv) Hamilton’s equations may be written
¢ =g, H] 5 pi = [pi, H]. (4.24)
If we write (w; = ¢;, wpi =p; @ =1,...,n), and define the symplectic matrix c by
_ £l forB=axn,1<a,8 < 2n;
Cap = [Wa, ws] = {O otherwise, (25a)
we have )
B 0A OB
A, B] = o 4.2
ABl= 3 corg g (1250)
a,f=1
Any set of 2n phase-space coordinates {W,, a = 1,...,2n} is called a set of canonical

coordinates if [W,, W3] = cop. Let {W,} be such a set; then with equation (25b) and the
chain rule we have

2n
B 0A OB oW, OW\\ 0A OB
Bl= > 8 Bw, dws =2 <ZC“3 Dwa aw3>awﬂ W

o dA OB - dA OB (4.26)
_Z We W 537 5w, %:C“*am oWy

Thus the derivatives involved in the definition (4.22) of the Poisson bracket can be taken with
respect to any set of canonical coordinates, just as the vector formula V -a =" (da;/0z;) is
valid in any Cartesian coordinate system.

The rate of change of an arbitrary canonical coordinate W, along an orbit is

W 4.27
Z - S (4.27)
where, as usual, w = (q, p). With Hamilton’s equations (4.24) and equation (4.26) this becomes

2n
_— W, owg OH oW, 0H
Wa = ; Owg ws, H Z awg 8 Ow., Qws Z % s, dw., Ows (4.28)

= Wy, H].
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Parallelism of
Lorentz invariance & Symplectic structure

inertial coordinates <> canonical coordinates
Lorentz transformations canonical transformations

<
M <7 Cap
<

[

Thus Hamilton’s equations (4.24) are valid in any canonical coordinate system.

[x/*

Finally,* we show that equation (4.15) for the Poincaré invariant of a two-surface is valid
in any canonical coordinate system. We first note that if we are given any function B(q,p)
we may obtain a one-parameter family of maps B, of phase space onto itself by the following
procedure. From each point (qg,pg) of some (2n — 1)-dimensional surface in phase space we
integrate the coupled ordinary differential equations

dq dp

A _ 4. B = _Ip.B 4.29

o - 9Bl . 5 =B (4.29)
from the initial conditions q(0) = qg, p(0) = po. If the initial (2n — 1)-surface is large enough,
the integral curves {q(b), p(b)} of B reach every point of phase space. Then the map By is
defined by

By(q(t'),p(t)) = (a(b +b),p(b +V)). (4.30)
The function B(q,p) is indistinguishable from a Hamiltonian, since it satisfies Hamilton’s
equations (4.29), with b playing the role of the time ¢. Thus the Poincaré invariant theorem
shows that By is a canonical map.

Now let S be any two-surface in phase space, and U and V two functions on phase space
whose integral curves lie within §. Then we may use the maps U, and V, to lay out a
coordinate grid on S: we pick a point (qp, po) of S and define (g, p) =V, U,(qo,po). The
Poincaré invariant (4.15) of S may now be written

A:/Ldp'dq://Z%dudv
B //Z([p“U”%V] — [pi» Vlai, U)) dudo,

(w;v)

(4.31)

where the last equality follows by expanding the Jacobian and using equation (4.29). But by
equation (4.22), [p;,U] = —(0U/9q;) and [¢;, V] = (0V/0p;), so we may rewrite equation (31)

ouov oV oU

Now notice that the Poisson bracket [U, V] is the same when evaluated in terms of derivatives
with respect to any set of canonical coordinates. For the same reason, the map between (u,v)
and the surface S is independent of the canonical coordinates used in equation (4.29). Hence
we may change to a new set of canonical coordinates (Q, P), retrace each step in the derivation
of equation (32), and thus show that

dp-dq= [[ dP-dQ  for any S. (4.33)
Jfow-aa= ]

The rest of this section lies beyond the syllabus.

*
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4.4 Canonical transformations

Suppose you have a function S(P,q) of some new variables P;, i = 1,n and the regular
coordinates g; such that the equation
oS

= 4.34
- (434a)

p

can be interpreted as defining P(p,q). Then the coordinates (P, Q) are canonical, where

oS

Q= 5. (4.34D)

That is, [Q;,Q,] =0, [Qi, P;] = 0i;, [P;, P;] = 0. The transformation (p,q) — (P, Q) is called
a canonical transformation and S the generating function of the transformation.

Before we prove that [Q;, P;] = d;; etc., we demonstrate the relationship of these canonical
transformations to the canonical maps introduced earlier. We do this by considering functions
S of the form

S=P-q+ s(P,q)du, (4.35)

where du < 1. For S of this form we have

qu—l-ééu ; p:P+§5u =

oP Jq
s (4.36)
P=p—- —du.
Thus S = P - q generates the identity transformation P = p, Q = q. Moreover,
Q-q 0s
u  OP
P_p s (4.37)
Su_ _a_q
In the limit Ju — 0 we can identify P with p on the right, and these equations become
dg dp
2 _ P 4.38
Dofasl 5 L=l (4.39)

which is identical with (4.29). Thus canonical transformations generated by functions of the
form (4.35) may be thought of as infinitesimal canonical maps.

There is no fundamental difference between a map and a coordinate transformation: every
map generates a coordinate transformation and every transformation a map since one can treat
changed coordinates as new numbers describing an old point (a coordinate change), or as old
numbers describing a new point (a mapping).

We now prove* that P and Q satisfy the canonical commutation relations. From the chain

rule we have that
i) _<3_P> .i)
op q Op q oP q

2) 2y () )
9a/, 0a/p dq ), OP)

The rest of this section lies beyond the syllabus.

(4.39)

*
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Applying these formulae to p; and using 9p; /0P = 0%S5/9q;0P = 0Q/dq; yields
- (2) ()
i) q \0¢ /4
Opi oP 0Q
()~ (), (),
Multiplying these equations together and summing over j we find

0 0 Opi Opir
> () (Gn) rem=-(5),  (5r)
kol 4i /g 4 / g q9i' ) p 9 ) p

0%S %S
0qi0q;  0q;0q;

Since the matrix 0Q/0g; has an inverse by (4.40), this shows that [Py, P;] = 0.

Working again from equations (4.39) we have
an-(2) (2) - () (%),
" daq ), \ 9p Ip dq
[ 0Qi 0Q; oP OP;
-[G),Gr), (@) (),
0Q; oP OP;
(o), (@), (@),
0Q; oP; Qi
“(50), (50),+ (5w ) 1o
_0%S ‘<an>
oP;0q \ Op /,
_<5P> .(@) s,
~\ 9P, q \OP q_ Y

wal=[(52), (%), (%)) (%),
(), (), |
), (), (), e

(), (), ()

q
_ s @ oP\  (0Q
N 8Pi8qk oP apk 8Pj q'

(4.40)

(4.41)

(4.42)

Similarly,

8pk 825
But 8—P> = 9grop’ %

0Q; 0P, Opi 0Q;
@l=(57) (o) (57),~ (57,
_0Q;  0Qi
oP,  ap;
9%S 0%S
~ 0P,0P; OP;0P,

(4.43)

=0.
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The function that generates a canonical transformation need not be of the form S(P, q);
other forms are S(P,p), S(Q,q) and S(Q, p). The generating function is always a function of
one old coordinate and one new one. An entertaining transformation is generated by S = Q-q:

oS oS
4.5 Point transformations
If (Qi(q), i = 1,...,n) are any three independent functions of the generalized coordinates

q, then by equation (4.1) we obtain the new momenta P; = (0L/dQ;) by expressing the
Lagrangian as a function L(Q, Q) of the @; and their time derivatives. The coordinate change
(q,p) — (Q,P) is called a point transformation, because the new coordinates are functions
only of the old. It is straightforward to show that the new coordinates are canonical, by
evaluating their Poisson brackets.

The importance of these results is that it is often convenient to work in curvilinear coor-
dinates Q and derive the corresponding momenta P = (9L/0Q). Since the coordinates (Q, P)
are canonical, the Poisson bracket (4.22) can be equally well evaluated by taking derivatives
with respect to Q and P as with respect to q and p. Hence all curvilinear coordinates have
equal status in Hamiltonian mechanics.

4.6 Phase-space volumes*

Often, for example when doing statistical mechanics, one needs a credible definition of ‘phase-
space volume’. If one is using Cartesian coordinates to describe a system of N particles of

mass m;, it is natural to take the volume element to be d7 = HN(m§d3x,~d3vi). But it isn’t

3
immediately obvious what to use for d7 in a more complex case. In particular, if one decided
to describe the system of particles by some curvilinear coordinates q(x) and their conjugate

momenta p, one would expect d7 to be of the form

8(v,~ Xi)
dr = <7’d3pd3q . 4.45
1:[ d(ps, di) ( )
One of the most beautiful and useful results in the subject is that the Jacobian here is just
one. In fact, the Jacobian between any pair of canonical coordinates is always one. That is,

the volume of an arbitrary region is

V= / /V d"pd"q = / /V 4"Pd"Q, (4.46))

where (p,q) and (P, Q) are any canonical coordinates.

It is possible to prove this result by brute-force calculation of the Jacobian. But it is more
elegant and convenient to stand back and look for a coordinate-free definition of phase-space
volume and to show that in coordinate form this is d7 = d"pd™q no matter what the coordinate
system. The exercise then is to define the volume of an arbitrary parallelepiped in phase space
without reference to any system of coordinates.

We start by finding 2n functions on phase space Ui (p,q),...,Usz,(p,q) whose integral
curves (i.e., the solutions of equations (4.29) with B = U;, b = u;) run along the edges of the
parallelepiped. We denote by u; the parameter b that measures displacement along the integral
curve generated by the function U; through equations (4.29). Equation (4.32) for the Poincaré
invariant of the parallelogram bounded by the invariant curves of U and V suggests that we
try

(_1)n v
dr = W Z(—l) I:U’L'ljUiz] X oo X [Ui2n_1,Ui2n] d’LL1 X oo X d’LLQn, (447)

Lies beyond the syllabus
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where the sum is over all permutations (i1, ...,42,) of the numbers (1,...,2n), and v is 0 or 1
according as the permutation is even or odd. Dimensionally at least this definition is correct:
reference to (4.32) shows that it has the dimensions of the product of n Poincaré invariants,
i.e., a volume. To understand the origin of the numerical prefactor and the role of the factor
(—1)¥, let’s evaluate (4.47) for the special case in which the parallelepiped has edges parallel
to the axes of the (p,q) system.

A function U; whose integral curves run parallel to the ¢; axis, is U; = p;, and the cor-
responding parameter is u; = ¢;; if we use B = p; in (4.32), we find dg;/db = §;;. Similarly,
the function U,,; = ¢; has integral curves parallel to the p; axis, with parameter u,; = —p;.
When we use these choices for the U; in (4.47) we find that the product of Poisson brackets fails
to vanish only when each p is bracketed with its own ¢, and then the product equals 1 accord-
ing as (i1,...,%2,) is an even or odd permutation of the numbers (1,...,2n). There are n! ways
in which the pairs of p’s and ¢’s can be arranged, and each arragement gives rise to 2" non-zero
terms since for each term with [p;, ¢;] there is one with [g;, p;]. So all these permutations add
up to a factor that is cancelled by the prefactor 1/2"n!. We are then left with the product of
the differentials in the parameters du; = dg;, du,1; = —dp;. Hence for a parallelepiped with
edges parallel to the coordinate axes, dr = d"pd™q Since every volume can be decomposed
into such special parallepipeds for any coordinate system, (4.46) now follows.

5 Relating quantum to classical mechanics
5.1 Phase-space operators

The Poisson bracket (4.22) turns every function F' on phase space into an operator F on other
functions of phase space. Thus given F(p,q) we define the operator F' by its action on an
arbitrary function ¥ (p, q):

Fvy = —ih[y, F]. (5.1)
Here 7 is some constant with the dimensions of a Poincaré invariant p - g—i.e., the inverse

of the dimensions of the Poisson bracket. It is interesting to express the operators associated
with p,, z, H = %pQ/m + V(x) and L, as differential operators:

Pr = —ih[,py] = —ih2

a@x
& = —ih[-,2] = iha -
i = —inf, ) = -in(2 v %) (52)
L, = —ih[:, L.] = —ih[, 2py — yp.|
= —infeg, - yaax “’xaiy py%)

Notice that (p/z\) # (p)?. With the obvious definition of an inner product, these operators are
self-adjoint (Hermitian):

. (9 314 (9 314

:ih(/d" d"q 8¢* aAl/J / d"p 8¢* aAl/J) (5.3)

- / d"pd"q(Aqb)*w.
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We can use the Jacobi identity to express the commutator of two of these operators in
terms of the Poisson bracket of the underlying functions:

(fg—af)v ==, g, £1 — [, £1, 9))
= W2, [f, g]] (5.4)

—

= ih[f, g]¢.

For example
Epy — Pud = ih1
AU ) (5.5)
L,L,— LyL, =ihL,.
Here the operator 1 is not the identity operator but the operator to which the function 1 gives
rise—this operator annihilates all functions: 1y = 0 V.

Let A(p,q) be some function on phase space. Then the rate of change of the value of A
along a phase trajectory is
dA  0A | n 0A |
dt ~ap P aq 1 (5.6)
= [A, H].

Consequently A is a constant of motion if it commutes with the Hamiltonian, i.e., if we have
AH - HA=0.

Hamilton’s equations (4.24) allow Liouville’s equation (4.13) to be written

Lof
17’15 = —ih[f, H] (5.7)

=Hf.

The similarity of these entirely classical operators to the usual quantum-mechanical ones
is obvious. Where they differ from the usual q.m. operators is in that they don’t operate on
simple functions on configuration space: even if ¢ happens to be a function ¥ (x) of = only,
Hy = —(ihp/m) - V1 does depend on p.

The ‘canonical’ procedure for quantizing a classical theory is to set up this Hamiltonian
formalism in phase space, discover what commutation relations hold between the operators H ,
F, A of the ‘observables’ H , F', A etc., and then to represent them as operators on functions
on just half a set of canonical coordinates, that is functions ¥ (q) or ¥(p) or ¥(Q). ..

5.2 Hamilton-Jacobi Equation*

Suppose we could find n constants of motion Iy,...,I,. And suppose it were possible to find
a system of canonical coordinates (P, Q) such that P; = I; etc. Then the equations of motion
for the P’s would be trivial,
0= P, =[P, H|
~ OH (5.8)
S 0Q

and would demonstrate that H(P) would be independent of the @’s. This last observation
would allow us to solve the equations of motion for the Q’s: we would have

_0H

Qi op,

=w;, aconstant = Q;(t) = Q;(0)+ wjt. (5.9)

Lies beyond the syllabus
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So everything would lie at our feet if we could find n constants of the motion and could embed
these as the ‘momenta’ of a system of canonical coordinates.? The magic coordinates P = I
and Q are called action-angle coordinates, the I’s being the actions and the Q)’s the angles.

Let S(I,q) be the generating function of the transformation between regular coordinates
(p,q) and angle-action coordinates. Then we can use this to eliminate p = 95/9q from H,
expressing H as a function of (I, q):

oS
H(L,q) = H<a—q,q)- (5.10)
By moving on an orbit we can vary the g; pretty much at will while holding constant the I;.
As we vary the ¢; in this way H must remain constant at the energy E of the orbit in question.
This suggests that we investigate the non-linear partial differential equation

H(%, ) =F, (Hamilton-Jacobi equation). (5.11)

If we can solve this equation, we identify the arbitrary constants on which the solution S(q)

depends with functions of the constants of motion I;. For example, the H-J eqn for a free
particle moving in two dimensions is

VS|? _

2m

We write S(x) = S;(x) + Sy(y) and solve (5.12) by separation of variables:

constant = I, = (g—i)Q =2mE — (%)2

E (5.12)

I, (5.13)

This example is very tame, but the technique works also for more complicated Hamiltonians
that cannot be solved by other means.

The similarity between the H-J eqn and the time-independent Schrodinger eqn is obvious.

5.3 Path integrals®

The principle of least action (3.15) is concerned with paths q(t) through coordinate space. We
can derive classical mechanics from another, closely related, variational principle which involves
paths (p(t), q(t)) through phase space rather than coordinate space. This principle is that the
path actually followed between (¢;,¢;) and (t¢,qy) is that for which

0S =0 where S= /p -dq — H(p,q)dt. (5.14)
Here the path of integration runs between (t¢;,¢;) and (tf,qs). Showing that this principle

yields Hamilton’s equations (4.6) is easy:

. . 0H OH
552/<5p-q+p'5q—$'5p—a—q-5q>dt
OH

[l ) oo o ) s sl

Since dq vanishes at ¢; and t; by hypothesis, the final term in (5.15) vanishes. Then, with dp
and dq subject to arbitrary variation, it is clear that .5 = 0 only if the contents of the pairs

(5.15)

2 Notice that to be able to embed the I’s as a set of momenta, we require [I;, Ij] = 0; functions satisfying

this condition are said to be ‘in involution’.
*
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of large round brackets in (5.15) vanish. But the vanishing of brackets is precisely the content
of Hamilton’s equations.

Notice that a very remarkable thing is being done with the variational principle (5.14):
we are treating p as quite independent of the value of q along the path. This makes perfectly
good sense from the point of view of phase-space geometry, but it makes a mockery of our
original definition (4.1) of p. This definition is recovered for the true path as a consequence of
the variational principle (5.14):

. OH 0 .
Q—%—%(P‘q—m
. oL\ 09
—q+(p 8q>'8p’

Recall that we introduced H as p - q — L, with ¢ eliminated in favour of p. Now that
we are treating p as independent of ¢, p - q — H becomes a quantity different from L; indeed,
L depends only on the projection of a phase-space path (p(t), q(t)) onto configuration space,
while p- q — H depends on p(t) as well as q(¢t). Thus the action principle (5.14) is entirely
different from (3.15), although the extremal values of the two integrals are the same because
along the extremal path p = 0L/0q.

It is interesting to derive (5.14) from quantum mechanics. The basic idea is simple: we
calculate the quantum amplitude to get from (¢;,q;) to (t5,qy) and show that it can be ex-
pressed as a sum over all possible paths between these events of amplitudes proportional to
eS/" where S is defined by (5.14). The only paths that make a net contribution to the overall
amplitude are those whose values of S lie within ~ & of a stationary value, since the contribu-
tions of other paths are cancelled by oppositely signed contributions from neighbouring paths.
Thus the overall amplitude is dominated by contributions from paths that lie within ~ & of
the classical, extremizing, path, and from a macroscopic point of view these paths are identical
with the classical path.

We start by finding the amplitude A;5 to get from (¢1,q;) to (t2,q2), where the interval
to — t1 is small. In Dirac’s notation, this amplitude is

A12 = <(l2|7/),t2>, (516)

where |1, t2) is the ket into which |q;) has evolved at t5. In other words, |1, t2) is the solution
of the time-dependent Schrodinger equation (TDSE) for initial condition |¢,¢1) = |q1). This is

Y, ta) = e H2m1)/R g ) (5.17)

Here the exponential is the operator with the same eigen-kets |E,,) as the Hamiltonian H , and
eigenvalues equal to elfn(t2=t)/h where the E,, are the eigen-values of H. That is,

eiH(tzftl)/h = Z |En>e*iEn(t2*t1)/h<En|‘ (5.18)
n

(To prove that (5.17) satisfies the TDSE, just substitute (5.18) into (5.17) and differentiate
w.r.t. t2.) Our amplitude can now be written

Avy = (e (1270017 )

) (5.19)
=/d3p<qz\p><p!elH“2“)/h\ql%

where use has been made of the fact that [d3p |p)(p| is just the identity operator since the
states |p) of well-defined momentum form a complete set.
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H and thus the function of it appearing in (5.19) is a function of the operators p and q.
Let’s assume that every p has been positioned to the left of every q. Then every p can be
considered to act to the left and be replaced by its eigen-value p, while every q acts similarly
to the right. So the complex number (p|e™(*2=11)/"|q;) becomes simply

—ip-qi1/h
_ ittty

P’CI1> = Wa

where H is the classical Hamiltonian evaluated at the classical phase-space point (p,q) and we
have used the fact that (p|q;) is just the complex conjugate of the wave-function of a particle
of well-defined momentum p. When we insert (5.20) into (5.19) and similarly replace (qz|p)
by a plane wave, we find

e*iH(tgftl)/h< (5.20)

Agp = %/dsp exXp [% <P (a2 —ai) — H(t2 — 751))]- (5.21)

Equation (5.21) for the amplitude to get from one event to another is only valid for
infinitesimal t5 — ¢;. There are two issues: (i) H may be time-dependent; (ii) for finite 7 the

operator e AT =1 —ifr 4+ L (H 7)%2 + - -+ involves high powers of H and so many reversals
of the order of the operators p and q will be required to ensure that the p’s are to the left
of all ’s. In view of these objections we use (5.21) only for small t5 — t;. Given two widely
separated events (t;,q;) and (t;,qs), we express the amplitude to pass between them by a
particular path q; — q; — ... — qy as the product

AilAlg X oo X Am_Lf (522))

of m amplitudes of the form (5.21) over small intervals (¢;11,t;). We then obtain the amplitude
to pass between (t;,q;) and (tf,qf) by any path by summing (5.22) over all values of the
intermediate positions q,;. The final amplitude is

m— o0 h3

Aiy = lim /H Sp;d®q;) exp[i Ej:( (e - qk)_H(tkH_tk)ﬂ (5.23)

= constant x /Dqu exp [% / (p -dq — Hdt)}.

Here the symbol PpDq means one is to sum the integrand over all paths (p(t),q(t)) which
pass through (¢;,q;) and (tf,qy).

When H is of the form H = %ﬁz/m + V(q), one can do the path integral over p(t) in
(5.23) and obtain an expression for A;; from which (3.15) follows in the classical limit.

Exercise (13):
In (5.23) replace H with ip?/m + V(q) and dq by ¢dt. Then do the integration over

every p; by completing the square and using ffooo e~ dr = /7. Explain the relation of
the resulting expression for A4, to (3.15).

6 Lagrangian Field Theory

We’ve seen how equations of motion may be derived from the least-action principle
0=465= /dtL(a:,a':) (6.1)

Starting with an action has many advantages:
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e Since L is a scalar, transforming to new coordinates is easy;

e It’s easy to ensure that the eqns of motion are Lorentz invariant (or Gallilean invariant as
appropriate) by imposing the desired invariance on L;

e  Given the required invariance and the basic form of the desired eqns (second-order, linear,
say) only a few simple expressions are candidates for Lagrangians;

e  Certain constants of motion can be readily derived from evident symmetries of L.

Can we obtain partial differential eqns such as the wave eqn or Maxwell’s eqns from La-
grangians?

Specimen problem: derive the wave eqn

2 2
170 o o
2 ot2  Ox?

Regard ¢(t,x) as a set of oo-dimensional vectors ¢, (t), where = labels components of ¢.
The Lagrangian has to be a scalar, so ¢’s indices have to be ‘soaked up’ somehow. We make
a scalar out of an ordinary vector by dotting it with another vector—this soaks up the indices
of both vectors by introducing a sum over that index. Analogously, we soak up indices x with
generalizations of dot products; that is, one sums over x by means of an integral:

s=ab=Yab © s:wﬁyi/m¢@w@) (6.3)

This leads one to expect that many (but not all) actions for partial differential equations are
evaluated by integrating a Lagrangian density £ over space before performing the usual integral
over time:

sm:/a/Mﬂ¢w (6.4)

When we were doing Lagrangian mechanics, S was a functional of the particle’s history z(t).
Now S is a functional of the field’s history ¢(¢,z). So ¢ has stepped into z’s place, and z has
become an independent variable with a similar standing to that of ¢t. Consequently, in (6.4)
we’re integrating over both space and time.

In order to make the symmetry between x and ¢ complete we henceforth allow £ to involve
derivatives w.r.t. « as well as w.r.t. ¢; then £ = £(¢,0,¢) and

St6) = [ £06.0,6) daat. 6.5)

Finally, it doesn’t make things significantly more complicated to allow space to be fully three-
dimensional. So = becomes the 3-vector & and (ct,x) becomes the usual 4-vector x. Since
d*x = edtd3z and nothing of significance is changed when S is multiplied by a constant, we

can write simply
1
Stol = [ £(6,0,0)d%. (6.6)

C

At each t between t; and ty the field’s configuration ¢(¢, x) is chosen such that the integral
(6.6) through the space-time volume bounded by t = ¢; and t = t; is extremized:
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As in Lagrangian mechanics we are specifying a solution to the 2°¢ order equations of
motion by giving values of the ‘coordinates’ at two times, ¢; and ¢, rather than the coordinates
and velocities at a single time. In this case specifying the ‘coordinates’ involves giving the
functional dependence of ¢ on x at some fixed t.

Here’s how we extremize S:

0=05=5[¢+y]—S[g] where [¢(t,z)] <[o(t, )|

~ / <%¢+ (a—i@%w)d"‘x (6.7)

(oL . .
‘/<a¢> axﬂ@( )“ 740 ¥

Here the final integral § is the integral over the closed 3-surface that bounds the 4-dimensional
region of space-time through which £ is integrated. The surface consists of the initial and final
hypersurfaces, and the 3-surface swept out by a 2-surface at spatial oo as ¢ varies from ¢; to ¢.
This integral vanishes because v is zero throughout the domain integrated over: the variation
1 vanishes on the initial and final hypersurfaces by hypothesis, and we force it to vanish at
spatial co also in order to ensure that the varied field ¢ + v satisfies the same bdy condition
as the unvaried field ¢. Thus

5= [ (5 - sramg )0 o

If this is to hold for any (¢, «) that vanishes on the initial and final hypersurfaces, we clearly
require that

oL 0 <(87£): (6.9)

9 0w \0(0,9)

This p.d.e. is the Euler-Lagrange equation for a field. It is the field equation that follows from
the Lagrangian density L.

What do we choose for £ to make (6.9) the wave eqn, 02¢ = 0?7 Try>
= 3106 = $7°"0a00s0. (6.10)

Then 0L/0¢ =0 and 0L/0(0,¢) = %(n“ﬂﬂgqﬁ + n*O4¢) = O, so (6.9) yields

P9,
0:8$02_v¢

1 0%
“2a VO

Thus the wave equation emerges from the Lagrangian density which is the simplest possible
function of O, ¢ only.

6.1 Maxwell’s equations*

What about Maxwell’s equations? These are 2" order in A, so we look for a Lagrangian
density £ that depends on A and its derivatives, O,A. Moreover, Maxwell’s eqns are linear
in the fields, and thus in A. So £ should be quadratic in A and O,A. Finally, £ should be
invariant under gauge transformations A — A’ + OA, and should involve O, A only in the

3 At this point the factor 1 /2 is gratuitous since the field equations are independent of the normalization of

S. When we relate the energy-momentum tensor to £ we shall find this factor 1/2 handy, however.
*
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combination contained in F. The shortlist of functions satisfying these criteria contains (up to
an unimportant normalization) only one candidate:

1
Lyac(A,O,A) = 1o TrF-F
0
1
S I AL .
apg T (6.11)
1
_ E2 C2 _BQ )
—2M0( / )

where the last equality is from (1.20). (Notice that if we associate E with kinetic energy
(FE = —A/c+ ---) and B with potential energy, Ly, is of the form k.e. — p.e..) The field
equations associated with the Lagrangian (6.11) density are

0 OLvac
57 (Gmya) =

Now OF 9
B = g AV - DVA
30 An) ~ DA ) (612)
= 55(53 — 555;’:,
SO
8ﬁvac o _L a(F;uzF'uy) o _L 3(FWTIWTIMFK,\)
9(BpAa) Apo O(BpAa) 4pio 9(HpAa)
1
= —— (0869 — 585 FH
2" 2 (6.13)
— _L(Fﬁa _ FaB)
2410
_ L pos,
Ho
The field equations are therefore
aF—aB =0 (6.14)
oxf 7 )

that is, 4 of Maxwell’s 8 field eqns for an e.m. field in vacuo.

To get Maxwell’s eqns in the presence of charges we need to add to the action S obtained
by integrating (6.11) over spacetime, the action of particles in a given e.m. field. For a single
charged particle the latter is given by (3.6). What does this suggest for the action associated
with a swarm of particles of charge ¢, mass mg that are moving with 4-velocity v(x) and in
their rest-frame have number density n(x)? Well, the form of (3.6) suggests that the part of £
which depends on both the e.m. field and the particles (the ‘interaction term’), is proportional
to the dot product of A with the current density j = gngv associated with the particles. So
we speculate that the interaction term is kj - A, where k is a suitable constant. We check this
conjecture by substituting from (2.24) for the current density due to a single particle:

Sinteraction = K /(j : A)‘xd4X
= k‘qc/X CA(x)0(x — X)d*xdr (6.15)
= ch/X-A(X)dT

which agrees with (3.6) for k = 1/c.
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So long as we are only interested in getting the field eqns, which are obtained by varying
A we don’t need to bother with the contribution to S from matter alone (which is independent
of A). So let’s see whether this action begets Maxwell’s eqns with sources:

B . 1 4
S = c/(J A+4Mo TrF - F)d*x. (6.16)

Varying A with the aid of previous results, the field eqns are found to be

1 0F,, _
po Ox”

Ju— (6.17)

in agreement with (1.46). The other four Maxwell’s eqns don’t come from minimizing the action
but from the fact that F is the 4-curl of A. So they are geometrical rather than dynamical in
nature.

6.2 Klein-Gordon Equation®

The wave function of a spin-zero particle of mass mg should satisfy p%¢y = —m2c?y, where
~2 b 2 1RO 2( 0 2)
= |E/c, = ihV| =h - V).
[Efe,pl” = cot ‘ c20t?
m3c?

That is, we require 0%¢) =

5—t. What Lagrangian density generates this eqn? We try

£, B, = (1907 + T ). (6.18)
By |0¢|* we mean
. Lo oy
OV =555 T VYT VY (6.19)

Differentiating w.r.t. 1 is slightly tricky because ¥* is a function ¥*(¢) of ). We handle this

by writing ¢ = w4+ iv and treating the real and imaginary parts of v and v as independent real
fields:

2
82’“ = g(ﬁ + %) = 2u,
v, (6.20)
oW,
ov )
Further
DY = D(u —iv) - Ou + iv) = |Duf? + [Dof?.
So 5 ) 5 )
O O
B¢ 20+ ﬂ = 20y, (6.21)
(0 ,u) o(0,v)
Hence the field eqns are
0 méc?
el ;2 u =0, (6.22a))
0 méc?
wm% - 752 v =0. (6.22b))

The Klein-Gordon eqn is obtained by adding i times (6.22b) to (6.22a).

*

Lies beyond the syllabus



42 Chapter 6: Lagrangian Field Theory

The following result simplifies the variation of an action that depends on a complex field
1. Suppose 0 f(1,1*) = 0. We have

T
0=46f= 81/1(5u+15”) + R (0u — idv).
Since du and dv are arbitrary, we conclude
_of  9of _of
0= 5u T o N "= 50
0= or _of 0= of
oy Oy oY

Thus we can proceed as though ¢ and d1* were independent, though they are not.

6.3 Einstein field equations®

General relativity buffs will be wondering what action generates Einstein’s equations. Well,
L£d*x must be a scalar made up of the metric tensor guv and its derivatives. There is only
one serious candidate for this job, the Ricci scalar R = R*, = R!*“,,, where R",3, is the
curvature tensor. So is £d*x just Rd*x? Not quite, since we want S = [ £d*x to be a scalar
under general changes of coordinates x — x’, not just under Lorentz transformations. In a
general coordinate change the Jacobian 9(x’)/d(x) is not unity, so d*x is not a scalar, and £
cannot be a scalar either if S is to be a scalar. We have

o)

4,
X )

dx’. (6.23)

But
0> 91,

oo, 6.24
g,u 8117’“’ 8:171/ gaB ( )

so taking determinants we have

9] = (%;é;})Q g, (6.25)

since O(x’)/d(x) is by definition the determinant of the matrix dz'®/9z". Multiplying (6.23)
by the square root of (6.25) we see that /—[g,,|d*x is a scalar. (|g| < 0 no matter what
signature one uses.) Hence

CS
Sgrav[g] = - 167G /R\/ _’gm/’ d4X (626)

is a general scalar and a candidate for the action that generates Einstein’s equations. For a
demonstration that this action works, and justification of the numerical prefactor (which is
only of consequence when one adds in the action of matter), see e.g., Weinberg Gravitation and
Cosmology p. 364.
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6.4 Noether’s theorem for internal symmetries*

Does Noether’s theorem for the Lagrangians of particle motion extend to Lagrangian densities
for fields? Actually it yields two closely related results: one for internal symmetries and one
for external symmetries, such as Lorentz invariance. We deal with internal symmetries first.

Often £(A,0,A) is invariant under some transformation of the field A. For example,
in the case of e.m. £ is invariant under A — A + OA where A(x) is any scalar function.*
Whenever there is a point-by-point invariance of this type, we can write

oL oL
0 oL oL
Oz (8(DMA)> OA+ o(0,A) n(0A) (6.27)

_ 9 ( SA - oc >’
OxH 0(0,A)
where the field eqns (6.9) have been used. The final line states that the current density j* has
vanishing divergence, where

oL
o0,A"
The vanishing of O - j implies that the integral J = [ j*d*x, = [ j € ap,dzd2zPda? is the
same for any two 3-dimensional spatial hypersurfaces: Given two such surfaces we can extend
these into the closed surface bounding a spacetime volume like this:

= 6A - (6.28)

O - j = 0 implies that the flux into this volume has to equal that out of it, so the upward flux
through the bottom surface has to equal the upward flux through the top surface. Thus the
internal symmetry of £ has generated a conserved flux J.

E.m. charge conservation How does this idea work out in e.m? Setting A = OA, we

have or
0 — DaA vac
7= (Pl 550
1
= — (O A) FH,
Ho
where use has been made of (6.13). Equating to zero the divergence of this we find that

9%\ OA OFH

0= —F——F
OxHOx™ + Ox® Ozt
= gpa
where the first term on the right has been eliminated by virtue of F’s antisymmetry. Since we
can arrange for OA to be any vector at a given point, (6.29) implies that O, F** = 0. This is
just (6.14), the standard field eqn for e.m. in vacuo.

(6.29)

To obtain a more interesting Noether invariant one has to start from £ for the e.m. field
plus a matter field, say .

*

Lies beyond the syllabus
4 Notice the difference with the least-action principle, which states that 0 = ¢6S = 5fd4x£ for any
variation JA; for most variations, £ changes at each point, it is just its integral which is invariant.
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Klein-Gordon current The Klein-Gordon £ (6.18) is invariant under changes in the
phase of ¥, i.e., ¥ — €. When 6 is small we have du + idv = 810 ~ 61, so the changes in
the real and imaginary parts of ¢ are

ou=—60v ; ov=~0u. (6.30)

Since we are considering £ to be a function of (u, v) and their derivatives, the dot in (6.28)
has to be interpreted as a sum over v and v. Using our results (6.21) we find that the conserved

current is
Ju = 0ub,u+ dv8,v

=0( - ”% * “%) (6.31)
0, .0 o+
:Z@ a_ju_ 8?#)'

It is simple to verify O - j = 0 by taking the divergence and using the Klein-Gordon equation
and its complex conjugate to eliminate 02.

From simple non-relativistic q.m. we recognize (6.31) as §m/h times the particle flux: For
Hamiltonian H = p?/2m we have

5 [ whaa= [ (Sroso s

(o)

(6.32)
— o [ (PP -0V

— 5 § (Ve = 0 90) e

In the relativistic formulation (6.31) the left side of (6.32) is to be found in the terms on the
right of the equality that involve time derivatives.

6.5 Noether’s theorem and Lorentz invariance

The Lagrangian density £ of a Lorentz-covariant theory depends on x only through the field
A and its derivatives, i.e., it has no explicit space-time dependence. Consider an infinitesimal
shift in the coordinate origin which changes the coordinates of the point x to x' = x + a,
where a is very small. Then the difference in the value of £ at x and at the point x + a whose
coordinates in the unprimed frame coincide with x’s coordinates in the primed frame is

(0L OA oL J(0,A)N
3= (5x gae * DO,A)  ozo )
0 oL 0A oL 0?A
— . . . 6.33
<8:E” (O(D,,A)) oo T OO, A) 8;:;@8:::”>a (6.33)
0 ( oL 0A )aa
0z \9(0,A) Oz~ '
On the other hand, if we simply regard £ as a function of x through the fields, we have
«0L 0 Voo

Equating these two expressions for §£ we have

0 a<a£ OA
(

=5 (3.4 5 —.C(Sa)a . (6.35)
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Furthermore, a is an arbitrary small vector so its coefficient in (6.35) must vanish. Thus from
the fact that £ depends on x only through the fields we can conclude that the tensor

= ( oL A

LA o 1:5;) (6.36)

has vanishing divergence: 0,7, = 0. T is the canonical energy-momentum tensor and
the vanishing of its divergence expresses energy-momentum conservation.

Again using (6.13), we find for the canonical energy-momentum tensor of the e.m. field

a4 1 ou/aAOé 1 af sv
P, = _(F o+ Ao F 5N>. (6.37)

Even when we lower T’s first index by premultiplying by 7,,, this isn’t symmetric like the T
of §1.47 We'd very much like T to be symmetric, if only because Einstein’s equations require
it to be so. Also we’d like the energy-momentum tensor to depend on A only through F. We
can attain both goals by adding into T what’s necessary to upgrade the derivative of A in the
first term into an F. The required item is

1 0A
AV, =——Fv—L, (6.38)
o Oz
In the absence of sources (which is when we would expect the energy-momentum tensor to be
divergence-free) A is itself divergence free:

1 0?(FvA,)
O0,AY, = ——-——————" —. .
vA7, o 0V 0z0 0 (6.39)
So if we define T = T + A, T will be symmetric and divergence-free in vacuo. The energy-
momentum tensor of the e.m. field is then

e (Fw—gA;j - FW—gA;‘ + 1P F,07 )
ho ! ! (6.40)

1 <
— —(F, F + LFef R, 5“).
1o H 1 B

This is minus the energy-momentum tensor (1.28). The minus sign arises because we have here
defined T so that T3 rather than Tpg = —T7 is the energy density.
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1. A particle of mass m, hangs by a light string of length [ from a rigid support, and a second
mass, mo, hangs by an identical string from m,. The angles with the vertical of the strings
supporting m; and my are 6 and ¢, respectively. Show that the frequencies of the two normal
modes of oscillation about equilibrium are w-, where

w1297m1+m2 [1:& _m2 ]
ma m1 + mo

Describe the motion in each of the normal modes in the cases (a) m; > mq, and (b) my > m;.

2. A particle of mass m slides inside a smooth straight tube OA to which it is connected
at point O by a light spring of natural length a and modulus mk. The system rotates in
a horizontal plane with constant angular velocity w about a fixed vertical axis through O.
Determine the distance 7 of the particle from O at time ¢ for the case when w? < k/a, if r = a
and 77 = 0 at t = 0. Show also for this case that the maximum value of the reaction of the tube
on the particle is 2maw? /b, where b* = (k/a — w?).

3. Use a Lagrangian to show that when referred to spherical polar coordinates, the equations
of motion of a particle in a gravitational potential ®(x) are

) . b
0:%—r(92+sin20¢2)—|—86—r
_odas o e
0= dt(r 9) ¢ sinf cos 6 + 50
o d 2 .. 2 . a@
O_E(T sin 9¢)+a—¢.

In the case in which ® = ®(r) is spherically symmetric, show that

mr24/62 + sin? 0¢2
is a conserved quantity and interpret this result physically.

4. A circular hoop of mass m and radius ¢ hangs from a point on its circumference and is
free to oscillate in its own plane. A bead of mass m can slide without friction around the
hoop. Choose a set of generalized coordinates and write down the Lagrangian for the system.
Show that the natural frequencies for small oscillations about equilibrium are w; = y/2g/a and

we = +/g/2a.

5. What is meant by the terms symmetry principle and conservation law as used in classical
dynamics? Give simple examples to illustrate the symmetries underlying the conservation of
linear and angular momentum.

A particle with position coordinates r moves in a central potential V(r). By considering
the quantity (r x 7) show that the orbit of the particle lies in a fixed plane.

Find all potential functions V (r) and corresponding functions «(r) for which the vector
K=7x(rx7)+alr)r

is conserved.

Find also the potentials V' (r) and functions $(r) for which the components of the matrix
Qij = T‘ZT‘] + 5(7’)7"1‘7"]'

are constants of the motion, where r;, 7; (i = 1,2, 3) are the components of position and velocity
of the particle along any three independent fixed axes.
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6. A system with three degrees of freedom described by coordinates q1, g2, g3 has Lagrangian

L= %(q% +d5 +43) — %(q% + @5 +q3) + a(qeqs + q3q1 + q1g2),

where 0 < o < % Show that L is invariant under infinitesimal rotations about the (1,1,1) axis
in g-space, and hence find a constant of motion other than the total energy. Verify from the
equations of motion that it is indeed constant.

7. A point charge ¢ is placed at the origin in the magnetic field generated by a spatially
confined current distribution. Given that

q
E = —
dmeg 13

and B =V x A with V- A =0, show that the field’s momentum
P = eO/E x Bd*z = qA(0).

Use this result to interpret the formula for the canonical momentum of a charged particle in
an e.m. field.



