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1. Use the transformation w = (L/27)log z as for the 2-point function, and the fact
that in the plane (¢;(21)0;j(22)¢r(23)) = ciji/((z1 — 22)2T2 =% ... ). On the cylin-
der, taking we = 0, and wy; = uy + w1, wg = uz + v, with u; <K —L, u3 > L, we
find after some algebra

(Pi(u1,v1)95(0,0)@r(uz, v3)) eyl

~ Cijk(2ﬂ_/L)ri+mj+mk6—27rmi|u1\/L627rz'(si—sj)vl/L€—27ra:ku3/L627ri(sj—sk)v3/L

where z;,s;, = A; £ A\;, etc. If we write this in terms of operators
<O’€ivlp({5i(0)67iv1P67|u1|H$j(O)ef%Heing(ﬁk(0>€7iv3}5|0>
~ <0|¢1> <¢z |Q§j |¢k> <¢k |0>e—27rmi\u1|/L627ri(si—sj)vl/L6—27rxku3/L€27ri(sj—sk)v3/L

On the other hand doing the same for the 2-point function (or simply setting ¢; =1
in the above) we see that (0|¢;) = (27/L)", (¢x|0) = (27 /L)%, so finally

(6ild;(0) |} = (2/L)" ci

This means that the OPE coefficients may be measured knowing matrix elements
on the cylinder.

2. According to first-order perturbation theory, we need to work out

¢J|/ dU|¢J = /\/ ¢J|T |¢j><¢J|T< )|¢J>

= \1/L) gzﬁjl/T v)dv|¢;) (¢ '|/T (v)dv|;)

= A2 /L)*(1/L)($;1L0 — (¢/24)[5) (6510 — (¢/24)]¢5)
= A47?/L°)(A; = (c/24))(A; — (¢/24))

Note this is negligible compared to the O(1/L) term as L — oo, typical of the effect
of an irrelevant perturbation.

3. Suppose the operator is ¢. Its fusion rules must have the form ¢-¢ = 1+ ¢, with no
other operators. Since this is a minimal model, it must lie in the first column or first
row of the Kac table. In the first case it must be ¢; 2, but in general this will also
give ¢13 in fusion with itself. This can only work therefore if in fact Ay 3 = A,
that is (p — 2p')? = (p — 3p)?, that is 2p — 5p/, or p = 5, p’ = 2. (No multiples are
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allowed because p’ > 2 would allow more columns in the Kac table.) Thus ¢ = —%°

and A, 5 = —é. We also find that A; 4, = 1. This was identified in [JC, Phys. Rev.
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Lett. 54, 1354, (1985)] as the scaling limit of the Yang-Lee edge singularity (a ¢?
field theory with purely imaginary coupling.)

Exchanging rows and columns just swaps p <> p’. The case of two fields is slightly
more complex: if we allow only one column then we get the model with p = 7,p’ = 2.
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If we allow two columns we get the unitary model with ¢ = 3.

. Modular invariance implies that Z(0) = Z(1/6), and hence that Z’'(1) = 0. Writing
7 — 67271'06/12 Zj 67271':1:]'6 gives

o < Tmi
12 Zj e—27mz; | + ijl e—2mz;

c B Zj .fl?j€_27mj 2]21 6—27rm]-

but it is clearly possible to do much better than this. For the latest effort in this
direction see arXiv:1405.5137

. The answer is almost given: Tr X go—¢/24gho=¢/24 = |2 4| X1 ja|? — [x1/16]%. Writing

this as the modular invariant sum minus 2|y /16|2, we see that under S it goes into

xol” + Ixazzl® + Ixuael” = 25 (%0 — Xiyz) 75 (o — xu2)

= XoX1/2 t+ X1/2X0 + X116/

This means that in the antiperiodic sector the lowest energy state corresponds to

an operators with dimensions (%, %) This is the disorder operator, dual to the

magnetisation and with the same dimensions. There are also a primaries with

dimensions (1,0) and (0, 3) — these are the Ising fermions.



