Statistical Mechanics for the Theory Option Prof J.J. Binney, MT 2002

Statistical Mechanics: Set 2

1. The states of a system have energy FE,, angular momentum .J, and are occupied
with probability p,. Show that the system’s entropy is maximized subject to specified
(E) and (J) by the distribution

1 _
Do = Ze B(Ea QJQ)7
where  and A = (€2 are Lagrange multipliers and Z is the partition function. Give

expressions for (E) and (J) in terms of 3, €, and the Helmholtz free energy F.

Show that the mean-square fluctuation in the system’s angular momentum is

(@) = 522

How does the rms fluctuation in .J scale with the size of the system?

2. The dispersion relation for surface-tension ripples on a liquid is w® = I'k®/p, where p
is the liquid’s density and I' is its surface tension. Show that the free energy of ripples
per surface atom is —kgT(T/Ty)*/3, where Tp is a constant with the dimensions of
temperature.

Deduce the corresponding entropy per surface atom.
Given that for He, p = 150kgm ™3, I' = 3.1 x 10"*Nm ™! and the area occupied

by one atom is 1.6 x 107 m?, calculate T for He. | [;° da 43 /(e® —1) = 1.68

3. Consider an array of N, non-interacting atoms. Each atom has a single-particle
state that can be (a) unoccupied, (b) occupied by a single electron of energy Fjy, (c)
occupied by two electrons with oppositely directed spins and total energy 2F, + U.
Denoting the magnetic dipole moment of an electron by m, write down an expression
for the grand partition function of the array in magnetic field B. Hence obtain the
thermodynamic potential ®(u, N,, T, B).

Find (i) the average number of electrons in the array; (ii) the magnetic suscepti-
bility at B = 0; (iii) the specific heat capacity at B = 0.

4. Model an atomic nucleus by two coextensive zero-temperature Fermi gases in a
volume 377§ A, where ro ~ 1.2 x 107" m is an effective nucleon radius and A is the
nucleon number A = Z + N. Here Z the number of protons and N the number
of neutrons in the nucleus. Calculate the Fermi energies of the proton and neutron
components. Suppose that protons could reversibly change into neutrons, and vice
versa. For A even, show that minimum-energy configuration of the nucleus would then

be that in which Z = N = A/2. Show that for Z — A/2 small, the energy is
E(Z) = E(A/2)+ C(Z - 34)°/A,

and estimate the constant C for a nucleus of mass 2 x 10~2” kg. Estimate the temper-
ature at which the assumption T" = 0 yields significant error.
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5. A simple model of a ferromagnet is defined as follows. N spins are represented by
the variables o; = £1. The spins interact with each other and with an external field
b, and the system’s Hamiltonian is

J N N
H = _N Z 00 —b;O'i.

i,5=1

Show that the thermally averaged magnetization (o;) and the free energy per spin, f,
are related by
of

(i) == ¢

Show that H is a function of S = ) . 0;. What values may S take? Give an
expression for the number of states of the magnet associated with each given value of
S and write the partition function as a sum over the allowed values of S.

For N > 1 approximate the sum by its largest term. Show that in this approxi-
mation f is the maximum over z of

f(@)=ksT[i(14+2)In(1+2)+ (1 —-2)In(1 —z) —In2] — Jz* — ba.
Show that when b = 0 the model has a phase transition at temperature T, = 2.J/kp.

6. The Hamiltonian of an Ising antiferromagnet differs from that of an Ising ferro-
magnet only in a change in the sign of the coefficient 7 of the spin-spin interaction.
Show that if the lattice is square, there is a ferromagnetic system whose states can
be put into one-to-one correspondence with those of the antiferromagnet, such that
corresponding states have the same energy.

7. A one-dimensional chain of A and B atoms has nearest-neighbour interaction ener-
gies €44, €ap and egp according as the neighbours are both A atoms, etc. Let S; =1
if site 7 is occupied by an A atom, and S; = —1 if it is occupied by a B atom. Show
that the Hamiltonian is then of the form

H=-J> S8Siy1+BY Si+C
and obtain expressions for J, B and C' in terms of €44 etc.
Show that the free energy per spin, F., in the case B=C =0 is
BF = —BJ —In(1+e 27,

where 3 is the usual inverse temperature. Hence obtain an expression for the internal
energy per spin and discuss its behaviour in the limits 7' — 0 and T" — oc.



