Theory Option: quantum mechanics Prof J.J. Binney, T'T 2002

Quantum Mechanics: Set 2

1. Show that the creation and annihilation operators of a harmonic oscillator satisfy
[A, (AT)"] = n(AT)"_l. Let a be a complex number and |0) be the ground state. Show

that the (un-normalised) state |a) defined by

o) = exp(ad)|0) satisfies Ala) = afa).

By solving this equation in the position representation, show that
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where N is a normalisation constant that need not be determined. Sketch as a function
of = the probability density |(z|a)|?.

2. Show that the spin-one matrix S, is related to the matrix J, that effects classical
rotations of vectors around the z axis by S, = BJ,BT, where
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Hence show that S, would be the matrix associated with rotations of vectors about
the x axis if we used new coordinates X; = (z +iy)/v2, Xo = 2z, X3 = —(z —iy) /2.

3. Write down the spin matrix S, for s = 3/2 and show that in this case the other
spin matrices are
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4. Consider states of well defined S, for two gyros with total spin quantum numbers
j1 and jo. Then there are (251 + 1)(2j2 + 1) states of the form |jq,m1)|j2, m2). Show
that there are exactly this number of accessible states |j, m) of well defined angular
momentum for a box that contains the gyros.
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5. The fundamental principle of statistical physics is that every quantum state of a
system has equal a priori probability. Hence, the a priori probability that the above
box has total angular momentum 37 is

2j + 1

PO = G nen+

Consider now the magnitude J of the total angular momentum of a box that contains
two classical gyros, of spin J; and J,. If the orientation of the second gyro relative to
the first is completely unknown, show that the probability dP that .J lies in (J+d.J, J)
is

_JaJ
2y

Show that in the limit of large ji, 72 the quantum result agrees with this classical
expression.

dP

6. Two spin-half particles interact through the Hamiltonian
H = KS..S,,

where K is a constant and Sy; is the ¢th spin operator of the first particle, etc. Show
that the total spin operator S? = |S; + S»|? commutes with H. State two implications
of this result.

By determining the matrix elements of H in the representation in which S? and S,
is diagonal, show that the eigenvalues of H are %K 7% and —%K h2. Which eigenvalue
is degenerate? [Hint: use S1.So = %(SI+SQ_ + S1-So4 +251,52,).]

7. Two spin-1 particles, with spin operators S() and S(?), have a Hamiltonian
H=0aSW.s® 4 gB.(S® — s®)

where B represents an applied external static magnetic flux density. Show that H may
be rewritten as a function of Sg), Sgl), Sf), and S?. Using the basis states | 11),
|14, [41), [{d) (where |11) corresponds to the state with both spins up etc.) find a
matrix representation for H. Hence find the energy eigenvalues and comment on their
behaviour as B tends to zero.
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8. (TO 1996) In a certain representation, the matrix representing the Hamiltonian for
a three-state system has the form

H=Hy+V
where
E{ 0 0 0 € €
HO = 0 E2 0 and V = VO € 0 0 s
0 0 Es e 0 0

and where |e| < 1.

(a) Consider first the case E1 = Es, and |eV/(FE3 — F3)| < 1. Use (without proof)
the results of first order degenerate perturbation theory to obtain the energy
eigenvalues correct to order e.

(b) Now consider the different case Fy = Fs3, and |eVy/(E; — F3)| < 1. Obtain the
energy eigenvalues correct to order €2.

Why is it not necessary to use degenerate perturbation theory in this case, even
though E2 = E3?

(c) Obtain the exact energy eigenvalues in case (b), and by expanding them up to
second order in ¢, recover the perturbation theory result.

9. A system has two eigenstates 4, j separated in energy by hw;;. It is subject to
a small time-independent perturbation for a time 7'. The perturbation has matrix
elements Vj; = V7 between these eigenstates. Show that if the system is initially in
state 7, the probability of a transition to state j is approximately
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A neutral particle with spin % and magnetic moment p is travelling at speed v in
a region of uniform magnetic field with flux density B. Over a small length ¢ of its
path an additional flux density b is applied at right angles to B. As a result of the
motion of the particle, its spin wavefunction satisfies the Schrodinger equation with a
time-dependent Hamiltonian H(t) given by

H() = { —u(Bo, +boy) 0<t</t/v o

—uBo, otherwise.

The system originally has spin +% with respect to the direction of B. Find the prob-
ability that it makes a transition to the state with opposite spin:

(i) by assuming b < B and using (f);
(ii) by finding the exact evolution of the state.



