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e Xy Figure 1.0 The relation of input

and output vectors of a 2 x 2 Hermi-

~ tian matrix with positive eigenvalues
A1 > A2. An input vector (X,Y) on
the unit circle produces the output
vector (x,y) that lies on the ellipse
that has the eigenvalues as semi-
axes.

Further Quantum Mechanics HT 2014
Problems 1 (HT weeks 6 — 8)

Degenerate perturbation theory

1.7 The Hamiltonian of a two-state system can be written

. Ai + Bie Bse
u (o ) -

where all quantities are real and € is a small parameter. To first order in €, what are the allowed
energies in the cases (a) A1 # Az, and (b) A1 = Ay?

Obtain the exact eigenvalues and recover the results of perturbation theory by expanding in
powers of €.
Soln: When A4; # As, the eigenvectors of Hy are (1,0) and (0, 1) so to first-order in € the perturbed
energies are the diagonal elements of H, namely A; + Bie and As.

When A; = As the unperturbed Hamiltonian is degenerate and degenerate perturbation theory
applies: we diagonalise the perturbation

H = B1€ B2€ — ¢ B1 B2
"\ Be 0 ) "\ B2 0
The eigenvalues A of the last matrix satisfy

N -BA-Bi=0 = )\—%<B1i1/B%+4B§>

and the perturbed energies are

A1+)\6=A1+%Blei%\/35+4336

Solving for the exact eigenvalues of the given matrix we find
A= %(Al + Ay + Bie) £ %\/(Al + As + Bie)2 — 4A45(A; + Bie) + 4Bae?

= LA+ Ag + Bio) £ 51/ (Ar — A2)? + 2(A1 — Ao)Bac + (B} + 4B})e2

If A; = A, this simplifies to
A=A+ 3Bie++5,/ B} +4Bj e
in agreement with perturbation theory. If A; # Ay we expand the radical to first order in €

B,
A= %(Al + Ag + Ble) + %(Al — AQ) (1 + me + 0(62)>

_ J A1+ Bie if+
T Az if —
again in agreement with perturbation theory

Variational Principle



Oxford Physics Prof J Binney

1.10*  Show that with the trial wavefunction 1 (z) = (a® + x?)~2 the variational principle yields
an upper limit Ey < (1/7/5)hw ~ 0.529 iiw on the ground-state energy of the harmonic oscillator.
Soln: We set x = atanf and have

00 /2 /2
/ da [i)]* = a‘7/ df cos® g = a—7/ 0 {3(1 + cos20)}
0 0 0

/2
= %aq/ d6 (1 + 3 cos 20 + 3 cos® 20 + cos® 20) = La~ % (1+3) = %mf7
0
where we have used the facts ( ) that an odd power of a cosine averages to zero over (0,7) and (ii)
that cos? @ has average Value = over this interval.

Similarly

0o /2 /2
/ dz 2?[|? = a*5/ df cos* fsin® § = a*5/ d6 (1 + cos 26) 1 sin® 20
0 0 0

/2
=1a7° /0 do (sin® 26 + cos 20sin® 20) = 2a~? (37 + 1[sin®20]) = Hra™®
and )
(zlpl) = —ihm%
0
S /2 /2
/ dz |py|? = 16h2a_9/ df cos® fsin® 6 = 16h2a_9/ d6 L(1 + cos26)1 sin* 26
0 0 0
/2 /2
= %hQag( / df (sin® 260 + 3 cos? 26 sin? 20) + / df cos26(3 + 1 — sin? 29))
0 0
= %hQa*Q (%w(l +3)+ {3 sin® 20 — & sin® 29}) %h%m*g
Hence
732, 1 2
(Y — sh 97T/2m—|— smw?zsa~®t h %a72 N 1—10mw2a2
Za 2
H h .
0= 8(‘<9a> = —5a + mw?a
ho\? . V7
= 20 (HYy=Y"h
a* =7 <mw) = 7420 (H) e fw

1.12* Using the result proved in Problem 10.13, show that the trial wavefunction v, = e=b’r/2

yields —8/(3m)R as an estimate of hydrogen’s ground-state energy, where R is the Rydberg constant.
Soln: With ¢ = e ¥"7"/2 dyp/dr = —b2re V"""/2 50

h2pt 4 _—b2r? e’ 2 b2
(H) = <—2m /drr - 47T60 drre /drr

h2 12 JIJ 12

Gy dz ze 47T€0b2 d:C Te b3 dz z2e

SEEPRE
.2 €
dzze™ = ] :%

Now

I

[arer -
/

_l’_
(SIS
\
ol
8
('D

dezte™® =




Oxford Physics Prof J Binney

SO

(1) = h? 3ym er |\ Jym 3R €%
T\ 2mb 8 4megh? 2 463 4Am 2m3/2¢
At the stationary point of (H) b = me?/(373/?eoh?). Plugging this into (H) we find
(H) = 3h? m2et e? me* 8 m [ € ? 8
C Amo9n3e2nt  2m3/%€ 3n3/2¢gh> 3w 2 - 37

4meg

Time-dependent perturbation theory

1.16* A particle of mass m is initially trapped by the well with potential V (x) = —Vs§(x), where

Vs > 0. From t = 0 it is disturbed by the time-dependent potential v(x,t) = —Fxe %! Its
subsequent wavefunction can be written
[¥) = a(t)e ™ H/70) + /dk {br(®)[k, ) + cr(t)[k, 0) } e PRI (1.2)

where Ej is the energy of the bound state |0) and Ej, = h*k?/2m and |k, ) and |k, o) are, respectively
the even- and odd-parity states of energy E}, (see Problem 5.17). Obtain the equations of motion

in {a|o>e—iE0f/ﬁ +/dk (i)k|k,e> +ék|k,o>) e—iEkf/ﬁ}

= {a|0>eiE°t/h + /dk (bi|k,e) + ci|k,0)) eiEkt/h} .

Given that the free states are normalised such that (k’,olk,o0) = 6(k — k'), show that to first order
inwv, by =0 for all t, and that

(1.3)

- in(Qxt/2 Ey—FE
iQxt/2 %, where Qf = % —w. (1.4)
Hence show that at late times the probability that the particle has become free is

_ 2rmE%t |(k,o|z|0)]?

i’
ex(t) = - (kolal0) e

Pe(t) 3 - . (1.5)
Qr=0
Given that from Problem 5.17 we have
\% 1
(2|0) = VKe X171 where K = % and (a0) = —_sin(ka), (1.6)

show that

(k, o|z|0) = @% (1.7)

Hence show that the probability of becoming free is

Pu(t) = 8hE?t  \/FE:/|Fo| (1.8)
. mE3 (1+ Et/[Eol)*’ '

where Ey > 0 is the final energy. Check that this expression for Py is dimensionless and give a
physical explanation of the general form of the energy-dependence of P (t)
Soln: When we substitute the given expansion of |¢) in stationary states of the unperturbed Hamil-
tonian Hj into the TISE, the terms generated by differentiating the exponentials in time cancel on
Hyl). The given expression contains the surviving terms, namely the derivatives of the amplitudes
a, by and ¢j on the left and on the right v[¢)). In the first order approximation we put a = 1 and
bi, = ¢ = 0 on the right. Then we bra through with (k’, | and (k’, o| and exploit the orthonormality
of the stationary states to obtain equations for Ek(t) and ¢x(t). The equation for by is proportional
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to the matrix element (k, e|v|0), which vanishes by parity because v is an odd-parity operator. Then

we replace v by —xFe™“! and have
cx(t) = /Ot dt' ¢, = %(k,o|:z:|0> /Ot At/ !l(Fr—Fo)/h—wlt” _ %(k,o|x|0>em:;27]:1
= %(k,o|:z:|0> el kt/2 %’%2)
The probability that the particle is free is
Pl = [kl = 5 [ axeofaioy S0

As t — oo we have sin® zt/z? — 7td(z), so at large t
2

F F2 |(k, o|z|0)|2nt
Pa(t) = o5 [ ak |k ofalo)mis(cae2) = T Mool

B2 d(Q/2)/dk

Moreover, Q, = $hk?/m + constant, so dQy/dk = hk/m and therefore

2rmE%t |(k,o|z|0)]?
n’ k Q=0

Evaluating (k,o|x|0) in the position representation, we have

o0 ink K1 [~ i i
(k, o|z|0) = 2/ do 2 o JKe K = 2,/——./ de (e@k*K)z - e*<1k+K>I)
0 \/ﬂ' T 21 0
1 K

- _i\/g ((ik—lK)2 N (ik+K)2> - \/;%

The probability of becoming free is therefore
2rmF?t K 16kK? 32mF?t k/K

h3 T (k2+K2)4 - h3K4 (k2/K2+1)4
The required result follows when we substitute into the above k?/K? = E;/|Fy| and h*K? =
(2mE0)2.

Regarding dimensions, [F] = E/L and [h]| = ET, so
(E/L*ETT ET? ML*T?T?

ME? ML ML?

Py (t) is small for small E because at such energies the free state, which always has a node at
the location of the well, has a long wavelength, so it is practically zero throughout the region of scale
2/ K within which the bound particle is trapped. Consequently for small E the coupling between the
bound and free state is small. At high F the wavelength of the free state is much smaller than 2/K
and the positive and negative contributions from neighbouring half cycles of the free state nearly
cancel, so again the coupling between the bound and free states is small. The coupling is most
effective when the wavelength of the free state is just a bit smaller than the size of the bound state.

Q=0

Pfr (t) -

Py (t) = (1.9)

[Pfr] =

1.17* A particle travelling with momentum p = hk > 0 from —oo encounters the steep-sided
potential well V(x) = —Vy < 0 for |z| < a. Use the Fermi golden rule to show that the probability
that a particle will be reflected by the well is

2

v
Profioct = 4—E02 sin?(2ka),

where E = p?/2m. Show that in the limit E >> Vj this result is consistent with the exact reflection
probability derived in Problem 5.10. Hint: adopt periodic boundary conditions so the wavefunctions
of the in and out states can be normalised.
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Soln: We consider a length L of the x axis where L > a and k = 2nw/L, where n > 1 is an
integer. Then correctly normalised wavefunctions of the in and out states are

: 1 ikx 1 —ik

zlin) = —e ; {xlout) = ——e7%"

The required matrix element is

1 L/2 ) . o . %
_/ dz elkwv(x)elkw — _Vb/ dz e21km _ _%M

L —L/2 —a Lk
so the rate of transitions from the in to the out state is
2 ,sin?(2ka)

. 27 . 2
P = 2 g(B) fout|Vim)? = 2Tg(E)VE L

Now we need the density of states g(E). E = p?/2m = R k2 /2m is just kinetic energy. Eliminating
k in favour of n, we have

n= Lv 2mE
2mh

As n increases by one, we get one extra state to scatter into, so

7dn7L 2m
9=~ =\ E-

Substituting this value into our scattering rate we find
. V@ [2msin®(2ka)
Cop?\V E Lk?
This vanishes as L — oo because the fraction of the available space that is occupied by the scattering
potential is ~ 1/L. If it is not scattered, the particle covers distance L in a time 7 = L/v =
L/+/2E/m. So the probability that it is scattered on a single encounter is
V@m sin®?(2ka) V@ .,

“omE e ap (k)
Equation (5.78) gives the reflection probability as

B (K/k —k/K)?sin®(2Ka)

(K /k+k/K)?sin?(2Ka) + 4 cos?(2K a)
When Vy < E, K? — k? = 2mV0/h2 < k?, so we approximate Ka with ka and, using K/k ~ 1 in
the denominator, the reflection probability becomes

K2 —k2\* 2mVo\? ., |/
P~ (W) sin®(2ka) ~ (m> sin®(2ka) = 1g2 S (2ka),

which agrees with the value we obtained from Fermi’s rule.

1.18* Show that the number of states g(E)dE d*Q with energy in (E, E + dE) and momentum
in the solid angle d?§Q) around p = hik of a particle of mass m that moves freely subject to periodic
boundary conditions on the walls of a cubical box of side length L is

L )3 m3/2

2 — -
g(E)dE d%Q = (% 3

Hence show from Fermi’s golden rule that the cross-section for elastic scattering of such particles by
a weak potential V (x) from momentum hk into the solid angle d*Q) around momentum hk’ is

m2 i / 2
— xR 2y (x)| 1.11
(2m)2h* / &) (L11)

Pr

V2EdE dO?. (1.10)

d20

do =
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Explain in what sense the potential has to be ‘weak’ for this Born approximation to the scattering
cross-section to be valid.

Soln: We have k; = 2n,m/L, where n, is an integer, and similarly for k,, k.. So each state
occupies volume (27/L)? in k-space. So the number of states in the volume element k? dkd? is

L 3
g(E)dEd2Q = <2—> k2 dkd2Q
™

Using k? = 2mE/ 7% to eliminate k we obtain the required expression.

In Fermi’s formula we must replace g(E) dE by g(E) dE d%Q because this is the density of states
that will make our detector ping if d2() is its angular resolution. Then the probability per unit time
of pinging is

.2 9 .2 2 (L 5 dk
P= > —g(E)d*Q|{out|V|in)|* = = (27r> k i —d%Q|(out|V[in)|?
The matrix element is

1 - .
(out|V|in) = T3 /d3x e Xy (x)elkex

Now the cross section do is defined by P = do x incoming flux = (v/L?)do = (hk/mL?)do. Putting
everything together, we find

hk 1 "y axlP2r LN, dk
do = — d3 —ik XV ikx| 2% [~ k2 _d2Q
mL3 7 T L6 / xe (x)e n o\ 2x dE
kdk/dFE
= dU:m /2 /d3 —ik’ xV )1kx
(27)2h

Eliminating k with A%k dk = mdE we obtain the desired expression.

The Born approximation is valid providing the unperturbed wavefunction is a reasonable ap-
proximation to the true wavefunction throughout the scattering potential. That is, we must be able
to neglect “shadowing” by the scattering potential.
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Further Quantum Mechanics HT 2014
Problems 2 (Easter Vacation)

Radiative transitions
2.1* Let |E,l,m) denote a stationary state of an atom with orbital angular-momentum quantum
numbers I, m, and let x4+ = x £ iy be complex position operators while Ly = L, £1iL, are the
usual orbital angular-momentum ladder operators. Show that x.|F,l,m) is an eigenket of L, with
eigenvalue m + 1. Show also that
[Lyzy] =[L,2_]=0 and [Ly,z_|=—[L_ 2q]=2z

Hence show that

(E'I',m|z|E,l,m) = ay(I,m)(E',I",m|z|E,l,m + 1) —a_({",m){(E',l',m — 1|z|E,l,m).

where ay (I,m) = \/I(l + 1) — m(m £ 1). [Hint: compute (E', I, m|z|E,l,m + 1)]
Soln:
[Ls,24] =Ly, z] £i[L,,y] =iy £ i(—ix) = 4.

So
L.xi|El,m) = (zxL, + [L.,zL]))|E,l,m) = (m £ D)zy|E,l,m)

as required.
[Ly,z4] =[Ly +iLy,x £iy] =i([Ly,x] £ [Ls,y]) = i(—iztiz) =2 F 2

as required. The corresponding results for L_ can be obtained by taking the complex conjugate of
this equation.
Expressing z as a quarter of the difference of the non-zero commutators, we have

(B mlal By Lm 4+ 1) = JE U ml(oy — o)\ B, Lm +1)

1
= M<E’,l’,m|(x+—xf)LJrIE,l,m}
1
= M<E',l’,m|{L+(aE+ _x—)+[L+,$_]}|E,l,m>
2a+(lum) R (] Of+(l,m) y Uy 5 by

Hence

(E'l',m|z|E,l,m) = ay(l,m)(E",I",m|z|E,l,m + 1) —a_({",m){(E',l',m — 1|z|E,l,m).
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Further Quantum Mechanics TT 2014
Problems 3 (TT)

Exchange Symmetry

Helium

3.6" In terms of the position vectors X, X1 and Xs of the a particle and two electrons, the centre
of mass and relative coordinates of a helium atom are
MaXa + Me (X1 + X2)

X = , rm=x3—X, rs=xs—X, (3.1)
me
where m; = my, + 2me. Write the atom’s potential energy operator in terms of the r;.
Show that
0 _0 0 0
X 9%, Oxy Oxs (3.2)
9 _0 md9 0 _ 0 m 0 '
Or1  0x1 My OXg Ors  0%Xa Mg OXg
and hence that the kinetic energy operator of the helium atom can be written
R 92 R[22 R2 [0 o\’
K=—r—cem -t 50|l 55 ) (3.3)
2my 0X2  2u \Or;  Or; 2m; \Ox1  OXo

where p = me(1 4+ 2me/my). What is the physical interpretation of the third term on the right?
Explain why it is reasonable to neglect this term.
Soln: We have from the definitions

x1 =X +1 Xo = X 419

1 1
Xo = — (M X — me(x1 +x2)) = — (M X — me(2X + 11 +12))
Mea Ma
=X - —(I‘l + I'Q)

Directly computing the differences x; — x,,, etc, one finds easily that

e2 2 2 1
V=- + - .
dmeg <|r1 + (me/ma)(r1 +12)| |11+ (Me/ma)(r1 +12)| |11 — r2|)
By the chain rule
0 B ox, O ox; 0 Oxg O 0 0 0

9X ~ 90X ox. T OX 0% T 9X 0%y Ox.  0x1 " 0%
as required. Similarly
0 ox, O ox; 0 me O 0

Ory  Ory Oxo  Ori Ox1 Mo 0Xe 0%

and similarly for 0/0rs. Squaring these expressions, we have

P L0 (o 0N (0 0
8X2 o 8Xg 8XQ 8X1 8X2 8X1 8X2

P om o o
or? o m2 0x2 Me 0x10%,  OX3
0? m2 02 me 02 0?

- - __ - - + -
or:  m2 ox2 Me 0%20%,  OX3
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If we add the first of these eqns to m/me times the sum of the other two, the mixed derivatives in

X, cancel and we are left with
02 + (1 Me 0? n 0?2 49 02
0x2 Me ox?  0x3 0x10%2

02 me [ 02 0?
e (o~ am7) ~ (
Dividing through by m; we obtain
1 02 Mg 0? 0? RS 0? 1 0? 0? 2 92
my 0X2 + MeMy (8_1'% + 8_I'§> - My 8x2 + Me (1 B _> (8){1 + 8—x§> + me 0x,10%2
After multiplication by —h? /2 the first term on the right and the unity part of the second term
constitute the atom’s KE operator. So we transfer the remaining terms to the left side and have the
stated result.
The final term in K must represent the kinetic energy that the a-particle has as it moves around
the centre of mass in reflex to the faster motion of the electrons. It will be smaller than the double

derivatives with respect to r; by at least a factor me/m,. (Classically we’d expect the velocities to
be smaller by this factor and therefore the kinetic energies to be in the ratio m2/m?.)

3.7" In this problem we use the variational principle to estimate the energies of the singlet and
triplet states 1s2s of helium by refining the working of Appendix K.

The idea is to use as the trial wavefunction symmetrised products of the 1s and 2s hydrogenic
wavefunctions (Table 8.1) with the scale length ay replaced by ay in the 1s wavefunction and by a
different length as in the 2s wavefunction. Explain physically why with this choice of wavefunction
we expect (H) to be minimised with ay ~ 0.5a¢ but as distinctly larger.

Using the scaling properties of the expectation values of the kinetic-energy and potential-energy
operators, show that

a2 4dag
Hy=4—2—-—+-"%——+2a(D +E R
(H) {a% o +4a2 . % 4 2a9(D(a1, az) (a17a2))} ,

where D and E are the direct and exchange integrals.
Show that the direct integral can be ertten

2 oo
D:—/ dzz?e™ 2 {8 (8 +6y+2y> +y*)e v},
0

a2
where x = r1 /a1 and y = r1/as. Hence show that with « = 1 4 2as/a; we have

1 a3 [ 4 6 6 12
p-——d1-2(2,.°% . °% 2=\
al{ a? (a2+a3+a4+a5>}

Show that with y = 11 /a2 and p = ary/2as the exchange integral is

2
o (alzb/w/d3x1 W05 (1) W0y (x1)

L (2a;\% [/ 2 _ 3 -p
X{E (7) /0 dp (p° — p°/a)e
2a5\* [
+ (2> / dp (p—pz/a)ep}-
«Q ay/2

b
[ a0l = ) r === )2+ 204 )~ L) L,

Using

and

b
[ ot e = ({1 - 21+ p) - 2)e 7L
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2 & T1 _
E = d 2 1— L ari/2az
(a1a2)3/0 o ( 2@2) °
3
1 (20 _3y_f(1-3 10242) — Lo23 e—av/2
N \a 20-2)—{Q-23)2+ay+ 3a7y°) — 5o’y }e
2a; ’ 2 1 1,29 —oy/2

T\ {(1=2)0+ 5ay) — zay~te™™

_ oy (1 50 66
o )

abad o?

show that

Using the above results, show numerically that the minimum of (H) occurs near a; = 0.5a9 and
as = 0.8aq in both the singlet and triplet cases. Show that for the triplet the minimum is —60.11 eV
and for the singlet it is —57.0eV. Compare these results with the experimental values and the values
obtained in Appendix K.

Soln: We'd expect the 2s electron to see a smaller nuclear charge than the 1s electron and therefore
to have a longer scale length since the latter scales inversely with the nuclear charge.

The 1s orbit taken on its own has K = (ap/a1)?R because the kinetic energy is R for hydrogen
and it is proportional to the inverse square of the wavefunction’s scale length. The 1s potential
energy is W = —4(ag/a1)R because in hydrogen it is —2R, and it’s proportional to the nuclear
charge and to the inverse of the wavefunction’s scale length. Similarly, the 2s orbit taken on its
own has K = 1(ag/a2)*R and W = —(ag/az)R, both just § of the 1s values from the 1/n? in the
Rydberg formula. The electron-electron energies are (D + E)2agR because R = e?/8megag. The
required expression for (H) now follows.

When the scale length az is relabelled a; where it relates to the 1s electron and is relabelled aq
where it relates to the 2s electron, equation (K.2) remains valid with p redefined to p = r3/as and z
replaced by y = 11 /as. With these definitions the first line of equation (K.2) remains valid and the
second line becomes

2 > 1
D=2 dza®e ™ — {8 — (8+6y+2y° +y’)e ¥}
a2 Jo 4y
o . (3.4
= —{8/ draz=e 2" — / dz = (8y + 6y° + 2y° + y4)e_(21+y)}
2az 0 Y 0 Y
Now z/y = az/a; and fooo dyye= = o~ (" n! so with a = 1 + 2as/a; we have
1 378 6 2 1
D=—1{222_ 22(° 4 0 o1y Z314 g
2a2 |"a;  a$ \ a2 a3 ot ab
(3.5)
Af, @A, 6 6 1
T a2 \a?2 o ot o
which agrees with equation (K.2) when a; = as = az as it should.
Equation (K.3) for the exchange integral becomes
1 3 O 0
FE = W /d X1 \Ijlo(Xl)\Ij2O(X1)
(3.6)

X /dT2d92 T%(l — 7d2/2a2) sin 926*0”2/2(12 |
\/|T% + 12 — 27179 cos o]
After integrating over 0 as in Box 11.1, we have

2 .
E= (al;/w /d3x1 W5 (x1) Wo(x1)

™1 2 o0
X {/ d?‘g T—Q (1 — 2) e—ar2/2a2 +/ dT‘Q T2 (1 — T—2) e_ar2/2a2}
0 T1 20,2 1 2&2
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With y = r1 /a2 and p = ary/2as

2 .
i [ e )

x {% (%)3/(Jay/2dp(p —p*la)e” + (232)2/;2dp(p—p2/a)e"’}-

E =

Now
[ 0t = e = - Dt 205 ) L
and ‘ ,
/ dp(p—p*/a)e™ = —[{(1L = 2)(1+ p) — 1p*}e "]}
Thus ‘

2
o (algw/d%q W05 (1) W (x1)

AL (22) P02 (0 e e+ o) - dattge ]

T1 [
+( 32) - )+ Jay) ~ e}
_ 2 2 1 —ary/2az
= 7(a1a2)3/d7‘1 1 ( )
1 (2a2\° W
L (22) 20— - {0 - D+ ay+ Fa) - datyle ]

1 «
2a 2
T (—) {(1=2)(1 + Lay) - iaﬁ}e%”}

Simplifying further

a?azal

(i> [2(1 - %)e_‘"y/2 —{1-2)2+ay+1a%?) — %a2y3} e_o‘y}
(1= 2)(1+ o)~ Jarhe)

Now let’s collect terms with factors
8a2 [ o 8a2 n! n+1
23/0 dy(l——)ye Y= 23 <1_ >

a?ay a2a} antl 2a
The two terms with n = 4 cancel. The coeflicient of the remaining terms are
n=3 : (1-2)la-(1-3)ia=13
n=2 : (1-2)-(1-2)2=2-1
n=1 : —(1-2)2

The final contribution to E is
8&% 4 3 1 —ay/2 8@% 4 3 2 2 9
8a% 16

= o 1-a) (1-3)

3
a“ay &
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Figure 3.1 Estimates of the energy in electron volts of the 1s2s triplet excited state of helium. The estimates are
obtained by taking the expectation of the Hamiltonian using anti-symmetrised products of 1s and 2s hydrogenic
wavefunctions that have scale lengths a1 and a2, respectively.

our final result is
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which when a1 = as = az agrees with equation (K.4) as it should.

Figure 3.1 shows (H) for the triplet state as a function of a; and ag. The surface has its
minimum —60.11eV at a3 = 0.50ag, as = 0.82a9. As expected, this minimum is deeper than our
estimate —57.8eV from perturbation theory, and it occurs when aq is significantly greater than
0.5ag. It is closer to the experimental value, —59.2 eV, than the estimate from perturbation theory.
A variational value is guaranteed to be larger than the experimental value only for the ground state,
and our variational value for the first excited state lies below rather than above the experimental
value. The variational estimate of the singlet 1s2s state’s energy is —57.0eV, which lies between the
values from experiment (—58.4€eV) and perturbation theory (—55.4eV).
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