Prof J.J. Binney Short Option 7

Classical Mechanics 1

1. Write down the Lagrangian for the motion of a particle of mass m in a potential V(r, ¢) when
referred to planar polar coordinates (7, ¢). Hence show that the equations of motion are
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Hence derive the principle of conservation of angular momentum in the plane, and obtain the usual
formula v?/r for centripetal acceleration.

2. A particle of mass m moves in a spherically-symmetric potential V' (r). Show that the motion is
confined to a plane.

Obtain the Lagrangian for motion in this plane in terms of the variables u = 1/r and the angle ¢.
Show that if V(r) = —a/r one has

u(¢) = Acos(¢ — do) + B,

where A, B and ¢ are arbitrary constants. Show that the orbit is an ellipse if B > A and a parabola
or hyperbola otherwise.

3. Use a Lagrangian to show that when referred to spherical polar coordinates, the equations of motion
of a particle in a gravitational potential ®(x) are

. ; . : 0P
O:r—r(92+51n29¢2)+5
_g 2, 272 0P
O—dt(r 9)—7“ ¢“sinf cosh + 20
d g 0P
O—dt(r sin 9¢)+a¢.

In the case in which ® = ®(r) is spherically symmetric, show that

21/ 02 + sin® 02
is a conserved quantity and interpret this result physically.

4. A particle of mass m; hangs by a light string of length [ from a rigid support, and a second mass,
ms, hangs by an identical string from m;. The angles with the vertical of the strings supporting m,
and my are 6 and ¢, respectively. Write down the Lagrangian L(6, ¢, 9, d)) of the system. Hence show
that the frequencies of the two normal modes of oscillation about equilibrium are w4, where

W2 = dmatma ma
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Describe the motion in each of the normal modes in the cases (a) my > mq, and (b) ma > m;.

5. A circular hoop of mass m and radius a hangs from a point on its circumference and is free to
oscillate in its own plane. A bead of mass m can slide without friction around the hoop. Choose a
set of generalized coordinates and write down the Lagrangian for the system. Show that the natural
frequencies for small oscillations about equilibrium are w; = /2g/a and wy = /g/2a.

6. The (z,y, z) frame of reference rotates with angular speed w = wk. A particle of mass m moves in
the potential

V(z,y,2) = tm(w2a® + win + w?2?).
By solving for the frequencies of the particle’s normal modes about the equilibrium x = 0, show that
the motion is unstable if w, < w < wy.
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7. A particle of mass m slides inside a smooth straight tube OA to which it is connected at point O by
a light spring of natural length a and spring constant mk/a. The system rotates in a horizontal plane
with constant angular velocity w about a fixed vertical axis through O. Determine the distance r of the
particle from O at time ¢ for the case when w? < k/a, if r = a and 7 = 0 at t = 0. Show also for this case
that the maximum value of the reaction of the tube on the particle is 2maw?® /b, where b* = (k/a — w?).

8. What is meant by the terms symmetry principle and conservation law as used in classical dynamics?
Give simple examples to illustrate the symmetries underlying the conservation of linear and angular
momentum.

A system with three degrees of freedom described by coordinates ¢, g2, g3 has Lagrangian

L=H@G+&+@)— 3@+ a3 +d3) — algas + Ga1 + q142),

where 0 < o < 3. Show that L is invariant under infinitesimal rotations about the (1,1,1) axis in

g-space, and hence find a constant of motion other than the total energy. Verify from the equations of
motion that it is indeed constant.

9. A particle with position coordinates r moves in a central potential V' (r). Find all potential functions
V(r) and corresponding functions a(r) for which the vector

K=7rXx(rxr)+a(r)r

is conserved.

Find also the potentials V(r) and functions 3(r) for which the components of the matrix
Qij = 7”17‘] -+ ﬁ(T‘)T‘ﬂ’j

are constants of the motion, where r;, 7; (i = 1,2, 3) are the components of position and velocity of the
particle along any three independent fixed axes.



