
Solutions Exercises in Chapter 1

1. Obtain (1.12) from the requirement that for any two vectors x, y, we have x′
µy

′µ = xµy
µ.

We require

x′
µy

′µ = Λµ
αΛµ

βxαy
β = xµy

µ ∀ x, y

so
(

Λµ
αΛµ

β − δαβ

)

xαy
β = 0 ∀ x, y.

By taking xµ = (1, 0, 0, 0) etc we can make xαy
β have only one non-zero component at a time. So every

component of the bracket has to vanish.

2. Determine whether the photon is blue or red shifted between its emission by O and its detection by O′.
Relate this to the question of whether O′ is approaching or receding from O.

ω′/c = γω/c− βγkx. Suppose kx = ω/c (photon moving down +ve x direction). Then

ω′/ω = γ(1− β) =

√

1− β

1 + β
< 1 so we have a redshift.

Now x′
1
= γ(x1 − βct) so O′ is moving in the +ve x direction. The situation must be like this

so we expect a redshift. Conversely, if kx = −ω/c, we find ω′/ω = γ(1+β) > 1 and the photon is blueshifted.
Physically, we have

so O′ is running against the oncoming photon.
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3. Transform F κλ with the matrix Λµ
ν to show that an observer who moves at speed v down the x-

axis of an observer who sees fields E = (Ex, Ey, 0) and B = 0, perceives fields E
′ = (Ex, γEy, 0) and

B
′ = (0, 0, γvEy/c). [Hint: since Λ is symmetric, we can write F′ = Λ ·F ·Λ.] Hence deduce the general rules

E
′
‖ = E‖, E

′
⊥ = γ(E⊥+v×B), B′

‖ = B‖, B⊥ = γ(B⊥−v×E/c2). Verify that (B2−E2/c2) = (B′2−E′2/c2).

F ′µν = Λ







0 Ex/c Ey/c 0
−Ex/c 0 . . .
−Ey/c 0 . . .

0













γ −βγ 0 0
−βγ γ 0 0
0 0 1 0
0 0 0 1







=







γ −βγ 0 0
−βγ γ 0 0
0 0 1 0
0 0 0 1













−βγEx/c γEx/c Ey/c 0
−γEx/c βγEx/c 0 0
−γEy/c βγEy/c 0 0

0 0 0 0







=

















0 γ2

(

Ex

c
− β2

Ex

c

)

γEy/c 0

−γ2
Ex

c
(1− β2) 0 −βγ

Ey

c
0

−γ
Ey

c
βγ

Ey

c
0 0

0 0 0 0

















=







0 Ex/c γEy/c 0
−Ex/c 0 −βγEy/c 0
−γEy/c βγEy/c 0 0

0 0 0 0







Since we can orient the coordinates such that the y axis coincides with the component of E that is ⊥ to v,
we can conclude that when B = 0

E′ = E‖ + γE⊥

B′ = −(γ/c2)v ×E.

Similarly, by transforming a pure B field (Bx, By, 0), we discover that

E′ = γv ×B

B′ = B‖ + γB⊥.

We now argue that for general (B,E) we can break F into two parts, one with E only and one with B only,
transform each as above and recombine. This procedure yields the stated rules.

Consider

B′2 − E′2/c2 = B′2
⊥ +B′2

‖ − (E′2
⊥ + E′2

‖ )/c
2

= γ2

(

B⊥ −
v ×E

c2

)2

+B2

‖ −
1

c2

[

γ2(E⊥ + v ×B)2 + E2

‖

]

= γ2

[

B2

⊥ − 2B⊥ ·
v ×E

c2
+
|v ×E|2

c4
−

E2

⊥

c2
− 2

E⊥

c2
· v ×B−

|v ×B|2

c2

]

+B2

‖ −
E2

‖

c2

Now B⊥ · v × E = E ·B⊥ × v = E ·B × v. Similarly, E⊥ · v ×B = E · v ×B and we see that these two
terms cancel. Also |v ×E|2 = v2E2

⊥ and |v ×B|2 = v2B2

⊥, so

B′2 − E′2/c2 = γ2

[

B2

⊥(1− β2)−
E2

⊥

c2
(1− β2)

]

+B2

‖ −
E2

‖

c2
.

Finally, γ2(1− β2) = 1 so the rhs is B2

⊥ +B2

‖ − (E2

⊥ + E2

‖)/c
2 as required.
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4. Show that with Sµν = uµvν−uνvµ, TrS ·S = 0. This result explains why S has only 5 degrees of freedom
(Exercise 4).

Let’s make a general transformation

u→ u′ = au+ bv v→ v′ = cu+ dv.

Then
S′
µν = (u′

µv
′
ν − u′

νv
′
µ) = (auµ + bvµ)(cuν + dvν)− (auν + bvν)(cuµ + dvµ)

= (ad− bc)uµvν + (bc− da)uνvµ = (ad− bc)Sµν .

Thus S′ = S providing ad− bc = 1: the invariance of S implies one constraint on four numbers and so three
are free. Thus only 5 = (8 − 3) numbers are required to specify S. How do we reconcile this with the fact
that S has six non-zero entries? Consider

SµνS
µν

= 1

2
Sµνε

µναβSαβ = 2uµvνuαvβε
µναβ .

This vanishes because the product uµuα is symmetric in µα, while the L-C symbol is antisymmetric in these
indices. So the six numbers in S are not in fact free – they satisfy one constraint, making only five of them
free.

5. Relate the above statements to the number of independent components of an antisymmetric n×n matrix
for n = 2, 3, 4.

There are 1

2
n(n − 1) independent elements of an n × n antisymmetric matrix, so there are 1, 3, 6

independent elements for n = 2, 3, 4. In 2d an area has only a magnitude. In 3d it has magnitude and
direction. In 4d it has magnitude and 4 angles.

6. Solution given in 4.

7. Show that a uniform magnetic field parallel to the z-axis is associated with tension (negative pressure)
along the axis, and pressure in the perpendicular directions.

If B = (0, 0, B) and E = 0,

Pij =
1

µ0

(

1

2
δijB

2 −B2δi3δj3
)

=
1

2µ0





B2

B2

−B2





Thus there is pressure in the x, y directions and tension in the z direction.

8. Show that when λ, µ and ν equal 1, 2 and 3 respectively, (1.48) becomes ∇ ·B = 0.
(ii) Show that with equation (1.22) equation (1.48) may also be written F

µν
,ν = 0.

F23,1 + F31,2 + F12,3 = Bx,x +By,y +Bz,z = ∇ ·B

F
µν

,ν =







Bx,x +By,y +Bz,z

−∂tBx/c− ∂yEz/c+ ∂zEz/c
−∂tBy/c+ ∂xEz/c− ∂zEx/c
−∂tBz/c− ∂xEy/c+ ∂yEx/c






=

(

∇ ·B
1

c
(∂tB+∇×E)

)

For comparison (1.48) with λ, µ, ν = 0, 2, 3 is

F23,0 + F30,2 + F02,3 =
1

c
(∂tBx + ∂yEz − ∂zEy) =

1

c
(∂tB+∇×E)x
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